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Fig. 2. Folding amounts to configurational diffusion on an energy landscape which has an overall
funnel topography. The landscape is inherently many-dimensional corresponding to the intricate
connectivities between configurational states, so the funnel schematic is clearly a projection. The depth
represents the free energy of a conformational state, the width is typically taken to be a measure of the
configurational entropy. Different states have different energies. Each state has a transition matrix
describing transition rates to configurations locally connected to it. The set of states along with their
energies and transition matrices fully determine the folding dynamics for the system.

configurations are accessible from a given configuration and how the protein can move

between them (see Fig. 2).

Proteins have been evolutionarily designed to perform a specific biological function [or

functions, for example cylin-dependent kinases have at least four functional sites (Dreyer

et al. 2001)]. Essential to this function for many proteins appears to be the existence of a well-

defined conformational structure under biological conditions. Thus part of the evolution

process must involve design to fold to a well-defined structure. The co-evolution of function

and native stability is non-trivial, since, e.g. preserving functions involving large-scale

conformational changes may frustrate stability of the folded structure (see, for example

Brown & Sauer, 1999; Garcia et al. 2000). The primary force opposing the transition to a

well-defined structure is the necessary loss of conformational entropy of the polypeptide

chain, since solvent entropy increases upon burial of non-polar side-chains, as well as for the

organization of the polar groups (see Fig. 3, inset).

As can be seen from the experimental data in the inset of Fig. 3 (Makhatadze & Privalov,

1996), the conformational entropy gives the largest contribution to the entropy change of the

Plotkin, et al, 2002

Figure 1: Toy Model Potential for T = 6000, q = 0.11

the other. This occurs primarily when the deterministic solution is closest to
the origin. See figure 2 for a sample realization featuring this pseudo-periodic
behaviour.

A plot of the fraction of time spent below 0, averaged over 2000 runs, can
be seen in figure 3. This fraction is calculated as an average over a time interval
of length 2T . A smaller period of 8, rather than the 6000 used in figures 1
and 2, was used due to computational restraints. For an initial condition of
1, this means that, overall, less time will be spent below 0 than with a larger
period, where realizations more easily fall into the symmetric, pseudo-periodic
solutions. In figure 3, there is a value (q ∼ 0.71) after which this fraction
starts to dramatically increase (for small ε). This is due to the fact that the
deterministic solution, for these larger values of q, moves below 0 and becomes
increasingly symmetric about 0 as q increases. The effect of an increase in ε is
most noticeable for smaller q values. Larger values of ε make it easier to switch
between the potential wells. For these q values both wells always exist, though
the barrier between them can become quite small.

2.2 Experimental Model

We may re-dimensionalize the toy model, following [1], using the substitutions

y′ = y2 + y∆, (2.3)

t′ =
t

ξ
, (2.4)

5

Figure 2: Toy Model Sample Path for T = 6000, ε = 0.2, q = 0.11

Figure 3: Toy Model Fraction Spent Below 0 for T = 8, y0 = 1

6

Imkeller, et al,
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Figure 1: Asexual resource competition and evolutionary branching. A,
Strength of competition as a function of phenotypic difference between
competitors. Symmetric competition is described by the function

(see text) with . An example of asymmetric competitiona(x ! y) b p 0
is shown for . In both cases, is set to 0.65. B, Evolutionaryb p 1.5 ja

dynamics with the asymmetric competition function shown in A. The
distribution of character values (shown by scales of gray: black p highest
frequency, white p absence) first converges toward the ecological char-
acter’s evolutionary branching point. Since higher values of the ecological
character confer an advantage under asymmetric competition, branching
occurs at a phenotype that is larger than the one with maximal resources,

. At the branching point, directional selection turns into disruptivex p 00

selection, which splits the character distribution into two phenotypic
clusters. The two resulting branches differ in their population size: the
upper branch, which is farther away from the carrying capacity’s max-
imum, consists of fewer individuals, although its individuals possess a
competitive advantage over those in the lower branch. Parameters:

, , , , , .r p 1 K p 1,000 j p 1 j p 0.65 b p 1.5 x p 00 K a 0

asymmetric competition would, for example, occur when
overlaps in resource utilization between different phe-
notypes are asymmetric but vanish with increasing phe-
notypic distance.

For both symmetric and asymmetric competition, the
effective density Neff(x, t) is obtained as a weighted sum
over all densities N(x, t):

′ ′ ′N (x, t) p a(x ! x )N(x , t)dx . (3)eff !
To determine the invasion fitness f(y, x) of a rare mutant
y in a resident population that is monomorphic for the
character value x, we assume that mutants invade suffi-
ciently rarely, so that residents are always at (or very close
to) their ecological equilibrium K(x) when new mutants
appear. Since the mutant is initially rare, its own density
is negligible compared to that of the resident, and hence
the effective density that the mutant experiences is simply
the resident density K(x) weighted by the strength of com-
petition between the mutant and the resident.a(y ! x)
Thus, in the initial phase of the invasion when the mutant
is rare, the population dynamics of the mutant are given
by

dN(y, t) a(y ! x)K(x)
p rN(y, t) 1 ! . (4)[ ]dt K(y)

The invasion fitness of the mutant is its long-term per
capita growth rate when rare (Metz et al. 1992; Dieckmann
1994; Rand et al. 1994; Dieckmann and Law 1996; Metz
et al. 1996), hence the invasion fitness of the mutant y in
the resident x is

a(y ! x)K(x)
f(y, x) p r 1 ! . (5)[ ]K(y)

To determine the evolutionary dynamics, one calculates
the derivative of f(y, x) with respect to y and evaluates it
at the resident value x. Thus, the crucial quantity is the
selection gradient:

!f(y, x)
g(x) p . (6)F!y ypx

If , then invasion fitness increases for mutants withg(x) 1 0
higher trait values than the resident, while invasion fitness
decreases for mutants with lower trait values. Since

by necessity (i.e., the resident neither growsf(x, x) p 0
nor declines in its own equilibrium population), this
means that mutants with higher trait values can invade,
that is, are favored by natural selection, while mutants
with lower trait values are selected against. Analogous
statements in the opposite direction hold for .g(x) ! 0
Thus, as long as , selection is directional. For theg(x) ( 0
evolutionary dynamics, those values are important for∗x
which . These trait values are called “evolution-∗g(x ) p 0
arily singular” (Metz et al. 1996; Geritz et al. 1998). A

Evolutionary branching: state/
time dependent potential

Doebeli, Dieckmann,  2000



“Stabilized” transients

Lower dimensional patterns in brain activity:  feedback 
between different modes Schiff, 2007

inar profile are shown in red, regions of low
velocity relative to the laminar profile are
shown in blue, and transverse components
are indicated by arrows. Whereas the wall
region contains six distinct high-speed
streaks, the central region is occupied by a

large low-speed streak extending three arms
in the radial direction. This streak configura-
tion is in notable agreement with a C3 sym-
metric traveling wave (Cm specifies an m-fold
rotational symmetry) found by Faisst and
Eckhardt (4 ) (Fig. 2B). Generally, the flow is

dominated by the streaks, and the spanwise
motions are critical but much weaker. The
cross-stream motions are therefore more
quickly overwhelmed by fluctuations result-
ing from the inherent instabilities of the trav-
eling waves. Although the experimentally ob-
served state does not display a full periodic
cycle in the streamwise direction, certain fea-
tures of the state persist over a large portion
of the turbulent puff. In particular, we ob-
served that the high-speed streaks are consid-
erably more static than the low-speed streaks,
which was also observed numerically (4, 5).
To quantify the persistence of the symmetry
features, we calculated an azimuthal correla-
tion of the streamwise velocity component in
the vicinity of the pipe wall. A correlation
calculated from the measurements close to
the upstream end of the puff is shown in Fig.
3A. Peaks at 60°, 120°, and 180° manifest the
presence of six distinct high-speed streaks in
the near-wall region. The correlation curve in
Fig. 3B, measured close to the downstream
(leading) edge of the puff, only has a peak at
120°. The flow pattern observed here consists
of three high-speed streaks close to the wall
spaced at 120° and a low-speed region in the
central part of the pipe. Traveling wave
modes with a C3 symmetry containing three
high-speed streaks in the near-wall region
have also been calculated numerically (5).
The resulting correlations measured along the
entire puff are shown in Fig. 3C. Throughout
the downstream end of the puff, a single
correlation peak was found. At a distance of
about 4D, the single peak bifurcates into three
peaks (at about 60°, 120°, and 180°), which
persist throughout the upstream part of the
turbulent puff. Visual inspection of the veloc-
ity fields confirms that indeed three high-
speed streaks are present throughout the
downstream section of the puff and six

Fig. 2. Comparison of experimentally (top) and numerically (bottom) observed streak patterns.
Velocity components in the plane are indicated by arrows, and the downstream component is
indicated by color coding, where red or blue signifies velocities faster or slower than the parabolic
profile, respectively. The color coding for the experimental flow patterns (top row) ranges from plus
(dark red) to minus (dark blue) 0.6U; the numerical flows (bottom row) range from plus (dark red)
to minus (dark blue) 0.4U. The maximum in-plane velocities are one order of magnitude smaller
than the maximum out-of-plane components. (A) Experimentally observed state in turbulent puff
at Re! 2000. (B) Cross-sectional slice through a C3 symmetric streamwise traveling wave observed
numerically at Re! 1250 (4, 5). (C) C2 symmetric state observed in a turbulent puff at Re! 2500.
(D) Corresponding numerical C2 traveling wave (Re ! 1360). (E) C6 symmetric state found in the
experiment at Re ! 5300 for fully turbulent flow. The streak configuration in the near-wall region
resembles that of a numerical C6 traveling wave (F) (Re ! 2900). The dominance of the low-speed
streak in the central part of (E) is more characteristic of a C3 traveling wave, suggesting that (E)
may result from nonlinear interactions of C3 and C6 traveling waves.

Fig. 3. (A) Azimuthal correlation close to the
upstream edge of a puff (Re ! 2000). (B)
Azimuthal correlation close to the downstream
edge of the puff. (C) Display of the azimuthal
correlations from 500 consecutive measure-
ments, taken while a turbulent puff traveled
through the measurement plane. Distances are
measured with respect to the first measure-
ment, which was taken at the downstream end
of the puff. The temporal spacing of the mea-
surements was converted into a spatial one by
multiplication with the advection speed (Tay-
lor’s hypothesis). This approximation is justified
because the puff advection speed is more than
an order of magnitude larger than the in-plane
velocity components. Colors represent the am-
plitude of the correlation ranging from dark red
("1) for maximal correlation to dark blue (–1)
for anticorrelated data. A single correlation
peak is observed for distance #4, which then
splits up into three peaks for distance $4,
indicating a change in the streak pattern from three to six high-speed
streaks in the near-wall region. Correlations were calculated according to

C(%,r)!!
0

2&

U(%,r)U(% " ',r)d' for five radii in the interval 0.9 ! r/(D/

2) ! 0.7, where r is the radial distance from the pipe centerline, and for
each measurement plane the radius showing the maximum correlation

(largest difference between the maxima and minima) was selected.
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streaks are present for the remainder of the
puff. Qualitatively, the same result has been
found for all puffs investigated at this Reyn-
olds number. This result is surprising, in that
features of the turbulent puff—i.e., the num-
ber and spacing of high-speed streaks—ap-
pear to be determined by a small number of
unstable states.

The C2 traveling wave, shown in Fig. 2C, has
been observed at Re ! 2500. Again, the streak
pattern is in excellent agreement with that of its
numerical counterpart (Fig. 2D). The numerical-
ly calculated traveling waves in Figs. 2 and 4 are
shown for lower Reynolds numbers than the
experimentally observed traveling waves. As
pointed out by Wedin and Kerswell (5), the
change in the form of the numerical solutions for
an increasing Reynolds number is very small,
and the main features and symmetry properties
remain unchanged. The flow state (Fig. 2E) was
observed in a turbulent slug (21) at Re ! 5300.
The streak/vortex configuration in the near-wall
region resembles a numerically observed C6

traveling wave (Fig. 2F). Overall, the measured
structure is more likely to be a combination of C6

and C3 modes (Fig. 2), which is in accord with
the increased complexity of the observed
structures at higher Reynolds numbers. In
this Reynolds number regime, excellent
agreement was found for statistical quanti-
ties such as the mean velocity and root mean
square velocity fluctuations between the ex-
perimental measurements and numerical

simulations of turbulent flow (figs. S6 to S8)
(19, 23, 24). For plane Couette and channel
flow, the exact traveling waves in the nu-
merical model already capture turbulence
statistics (17 ) remarkably well, which can
be seen as an indication of the intrinsic role
of the traveling wave states to the turbulent
flow.

Finally, we observed a C4 symmetric trav-
eling wave at Re ! 3000 (Fig. 4).This wave
transient showed a periodic modulation sim-
ilar to that of a C4 symmetric wave over
several periods and allowed us to estimate its
wavelength ("SD) to (1.1 " 0.15) D. The
periodic modulation is most evident in the up
and down motion of the left low-speed streak
shown in Fig. 4A. The three figures show half
of one periodic cycle. The corresponding C4

traveling wave (Fig. 4B) has an optimal
wavelength of 0.97D, which is in excellent
agreement with the experimentally deter-
mined value. As in Fig. 2E, the central low-
speed region of the experimental traveling
wave is more pronounced than that of its
numerical counterpart.

The experimental observation of unstable
states can be rationalized by comparing the
characteristic time scales. The experimental
observation time is about 10D/U and the
largest unstable Lyapunov exponent is about
0.07, implying a characteristic time scale for
the decay of a traveling wave transient of
about 14D/U. Thus, if the experimentally ob-

served turbulent state is close to a three-
dimensional traveling wave at one instance,
the observation time is not long enough for it
to evolve far away.

In conclusion, signatures of unstable trav-
eling wave modes have been observed in
surprising clarity and agreement with numer-
ical studies (4, 5). Spatial features of these
wave states persist over large time intervals
in turbulent pipe flow. These insights into the
dynamics and symmetry of streaks open up
further avenues for application of turbulent
and chaos control (25, 26 ) strategies.

These observations support a theoretical
scenario in which the turbulent state is orga-
nized around a few dominant traveling
waves. Although such a proposal is in line
with dynamical systems ideas (27 ), there has
been no experimental or theoretical evidence
for its applicability to shear flow turbulence
before the present study. The observation of
the traveling wave states shows that concepts
from dynamical systems theory can contrib-
ute greatly to our understanding of turbu-
lence. Indeed, because unstable solutions
have been calculated for a variety of shear
flows (4–10), we speculate that these states
play a universal role in shear flow turbulence.
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Fig. 4. Velocity scales and color coding are the same as for Fig. 2. (A) Half a wavelength of a C4
traveling wave transient observed in fully turbulent flow at Re ! 3000. The frames are spaced by
#/4 where the wavelength ("SD) was measured as # ! 1.1D " 0.15. The low-speed streak on the
left-hand side shows the clearest modulation. (B) Exact C4 traveling wave (Re ! 1650) as observed
in the numerical simulations. Again, the frame spacing is #/4 and the wavelength is # ! 0.97D. The
strong low-speed streak at the center of the experimental traveling wave is not found in the
numerical traveling wave and is more characteristic for a C2 traveling wave. In analogy to the C6
symmetric wave in Fig. 2E, this suggests that the experimental state may result from interactions
of C4 and the C2 traveling waves.
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Laminar-turbulent transitions characterized by series of
unstable transient patterns  

Hof, et al, Science, 2004

Many examples: Patterns driven by interactions between 
scales



Noise driven order: Stabilized transients

On the edge:  Sources for sensitivity

Living:  some examples of MTT to new areas 

CAN’T IGNORE:

        TRANSIENTS
        “SMALL” PERTURBATIONS

Coherence Resonance (CR) as a Building Block  ?

Different types, different contexts, different names 
(autonomous stochastic resonance) MTT



• Coherence resonance I:  excursions onto 
unstable large amplitude oscillations

Pikovsky, Kurths, 1997

FitzHugh Nagumo + noise

Frequency increases 
with noise
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• Gang, Ditzinger, Ning, Haken, 1993, w/o external forcing.

• Shardlow, 2004; De Ville, vd Eijnden, Muratov, et al, 2005,07, 
SISR for different noise



Noise-driven excursions into the competent state
Similar coherence resonance mechanism

Gene regulatory circuit

Suel, et al 2006, Nature
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Figure 4 | Modelling of the core competence network reveals an excitable
system. a, Phase plane diagram formed by the system of equations shown in
Box 1. Nullclines for equations (1) and (2) are shown in blue and green,
respectively. Grey arrows represent the vector field of the dynamical system.
The stable steady-state corresponding to vegetative growth is indicated with a
black filled circle. The saddle and the unstable competent fixed points are
indicated with open circles. A set of excursion trajectories is shown in pink,
with a single representative trajectory of the system highlighted in purple.
Initiation of excursions in phase space is triggered by noise (Box 1), and
trajectories are determined by the phase space vector field. b, Simulations of
ComS (green) and ComK (blue) activities as a function of time. Note the
negative correlation between the ComS and ComK levels during competence,
consistent with experimental observations.

Figure 5 | Competence lock through feedback
bypass. a, Network schematic depicting in blue
the extra link introduced to bypass the native
ComS-mediated negative feedback loop (FeBy
strain). Note that the native network is left intact
(see Fig. 1a). b, Frames from film footage of a
typical competence event in the FeBy strain, with
PcomS and PcomG activities depicted in green and
red, respectively (see also Supplementary
Movie 3). c, Quantitative time series of PcomS–yfp
(green line) and PcomG–cfp (red line) for the event
shown in b. The FeBy cell enters competence, but
cannot exit from competence and eventually lyses
(note the sudden drop after nearly 80 h).
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of comS is, however, known to be complex, having several transcrip-
tional inputs (Supplementary Fig. S1)19–21. To test the prediction of
the MeKS model we constructed a strain containing copies of the
PcomG and PcomS promoters expressing cfp and yfp, respectively. As
shown in Fig. 3a and SupplementaryMovie 2, all cells express PcomS to
varying degrees. In cells that become competent, PcomG activity
increases as PcomS activity decreases. Later, as PcomG activity shuts
off and septation begins, PcomS activity increases again. This striking
negative correlation between PcomG and PcomS activities is present
during both entry and exit from competence, although it is more
closely synchronized during entry (Fig. 3b). This behaviour is
representative of data obtained from all competent cells of the
same strain (n ¼ 31) (Fig. 3c), and is consistent with negative

regulation of comS by ComK. Furthermore, the negative correlation
is specific to competence, as is evident from the behaviour of the
non-competent sister cell in Fig. 3b.
A fundamental question is whether initiation of competence is

stochastic or affected by memory of previous events. Escape from
competence returns promoter activities to pre-competence levels,
suggesting the possibility of successive episodes of competence.
Indeed, as shown in Fig. 3d, two consecutive competence events
can be observed in a single cell lineage, showing that cells retain the
potential to re-initiate competence. In fact, re-initiation occurred
with a frequency of 6.0 ^ 2.0% (n ¼ 9 events out of 151), not
significantly different from the overall competence frequency
(3.6 ^ 0.7%). Repeated competence events are neither favoured
nor suppressed. This evidence for stochastic initiation of competence
is further supported by analysis of competence events in sister cell
pairs (Supplementary Information). Cells were not significantly
more or less likely to become competent if their sister became
competent (conditional frequency ¼ 4.1 ^ 0.9%, n ¼ 19 events
out of 463). When two sisters do become competent together, the
amount of time one spends in competence is uncorrelated with that
of its sister cell (Kolmogorov–Smirnov test; n ¼ 36). These results are
consistent with a stochastic and memory-less model for competence
initiation and duration.

Figure 1 | Stress response in B. subtilis and the core competence circuit.
a, Snapshot of a B. subtilis microcolony in nutrient-limited conditions. cfp
expression from PcomG is shown in red. Inset: a flow chart illustrating
developmental paths connecting the vegetative, spore forming and
competent states. b, Map of interactions within the core competence circuit
(MeKS). The transcriptional autoregulatory positive feedback loop of ComK
and the ComS-mediated indirect negative feedback loop are depicted in
orange and purple, respectively. ComS competes with ComK for degradation
by the MecA–ClpP–ClpC complex, effectively interfering with degradation of
ComK (curved purple inhibitory arrow). The dashed purple line from ComK
toPcomSdenotes indirect repression. The activities of the promoters labelled in
red, blue and green were measured in this study. These colours are used to
represent the corresponding promoters throughout the figures.

Box 1 |The dynamical model of competence induction

To understand how the MeKS network structure determines the
dynamics of competence, we built a mathematical model
constrained by experimental observations (see Supplementary
Information). This model can be reduced to a system of two
stochastic ordinary differential equations incorporating both the
direct positive and the ComS-mediated negative feedback loops of
ComK. In dimensionless form:

dK

dt
¼ ak þ

bkKn

kn0 þKn
2

K

1þKþ S
ð1Þ

dS

dt
¼ bs

1þ K=k1
! "p 2

S

1þKþ S
þ yðtÞ ð2Þ

Here, K and S represent the concentration levels of ComK and ComS
protein, respectively. ak and bk represent minimal and fully activated
rates of ComK production, respectively. k0 is the concentration of
ComK required for 50% activation. The cooperativities of ComK
auto-activation and ComS repression are parameterized by the Hill
coefficients n and p, respectively. Expression of ComS has maximum
rate bs and is half-maximal when K ¼ k 1. Enzymatic MecA-mediated
degradation affects both ComK and ComS; the form of the
corresponding nonlinear degradation terms expresses a competitive
mechanism, which is the only source of coupling from ComS to
ComK. Random fluctuations in ComS expression are represented by
a noise term y(t) (see Supplementary Information for a more
detailed analysis).
The dynamical behaviour of equations (1) and (2) without noise

can be analysed graphically by plotting their nullclines and vector
field in the ComK–ComS phase space (Fig. 4a) for appropriate
parameters (given in the Supplementary Information). This analysis
reveals three fixed points: a stable node at low ComK (the
vegetative state) and two unstable fixed points. Of these, the one at
intermediate ComK is an unstable saddle and the one at high ComK
(the competent state) is an unstable spiral. No limit-cycle behaviour
coexists with the stable vegetative state in this parameter region
(see Supplementary Information). Under these conditions, the
system is capable of excitable behaviour: relatively small
perturbations from the vegetative state may cause long excursions
through phase space around the unstable spiral at high ComK (that
is, through the competence region), as determined by the vector
field. The vegetative state can be perturbed by noise in the
expression of either ComK or ComS, leading to these transient
differentiation events. Samples of such trajectories, generated by
numerical integration of the model, are superimposed as pink lines
in Fig. 4a and plotted against time in Fig. 4b.
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Figure 4 | Modelling of the core competence network reveals an excitable
system. a, Phase plane diagram formed by the system of equations shown in
Box 1. Nullclines for equations (1) and (2) are shown in blue and green,
respectively. Grey arrows represent the vector field of the dynamical system.
The stable steady-state corresponding to vegetative growth is indicated with a
black filled circle. The saddle and the unstable competent fixed points are
indicated with open circles. A set of excursion trajectories is shown in pink,
with a single representative trajectory of the system highlighted in purple.
Initiation of excursions in phase space is triggered by noise (Box 1), and
trajectories are determined by the phase space vector field. b, Simulations of
ComS (green) and ComK (blue) activities as a function of time. Note the
negative correlation between the ComS and ComK levels during competence,
consistent with experimental observations.

Figure 5 | Competence lock through feedback
bypass. a, Network schematic depicting in blue
the extra link introduced to bypass the native
ComS-mediated negative feedback loop (FeBy
strain). Note that the native network is left intact
(see Fig. 1a). b, Frames from film footage of a
typical competence event in the FeBy strain, with
PcomS and PcomG activities depicted in green and
red, respectively (see also Supplementary
Movie 3). c, Quantitative time series of PcomS–yfp
(green line) and PcomG–cfp (red line) for the event
shown in b. The FeBy cell enters competence, but
cannot exit from competence and eventually lyses
(note the sudden drop after nearly 80 h).
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“Master” transcription factor + negative feedback in 
subcomplex



Noise induced

synchrony

in networks:
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synchronized transitions to active 
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Optimal noise levels for synchronized transitions to 
active states: Simple models

w/ S. Reinker and Y. X. Li, (2006)

Coherence 
resonance I

• Fast refractory period/inhibition: 

• Slow “organizing”: noise sensitive

• Analysis:  cts and discrete probability 
models, insight into network structure

LIF model + CR(II) (multiple scales)

Excitatory/Inhibitory network
Borgers, Epstein, Kopell, 2005



• Coherence resonance II:  amplification of 
modulated oscillations (e.g. sinusoidal)

dx

dt
= f(x(t), x(t − τ)) + δη

Critical delay: τ = τc (without noise),
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Near a Hopf bifurcation
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Fig. 6. Comparison of the time evolution of the intensity and its 

power spectrum short before and after the first bifurcation in the 

deterministic (a) and stochastic (b) cases. Parameters are those 

of Fig. 4. 

The existence of a small noise source (Fig. 5b), 

does not substantially modify the period-doubling sce- 

nario after the first bifurcation has taken place (A > 

A,, A, N 9.85 for the parameters chosen, correspond- 

ing to the last three plots in each of Figs. 5a and 

5b). A noisy background superimposed on the deter- 

ministic spectral density appears, as expected. On the 

other hand, the situation before the first bifurcation is 

reached (first plot in each of Figs. 5a and 5b) shows 

a radical change. A distinct peak in the power spec- 

trum can be observed for a non-zero finite frequency 

in the stochastic case, in contrast to the delta func- 

tion of the deterministic case. This frequency is seen 

0 .06  
t 

(5 0.04 
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A 

Fig. 7. Standard deviation of the intensity time series against con- 

trol parameter A. The final jump corresponds to the first bifur- 

cation in Fig. 3. A horizontal dashed line indicates the standard 

deviation of the noise source. Parameters are those of Fig. 5b. 

to be the same as that of the periodic attractor which 

appears after the bifurcation. Fig. 6 demonstrates this 

fact, by means of a comparison between the iight in- 

tensity time series and its power spectrum for the de- 

terministic (Fig. 6a) and noisy (Fig. 6b) cases. The 

main peak in both spectra coincide, as seen in Fig. 6b. 

The oscillation amplitudes are however very different. 

The fact that the oscillations are much smaller in the 

first case (A = 9.80) than in the second (A = 9.90) 

proves that this is not a mere advance of the bifurca- 

tion caused by the noise. However, the amplitude in 

the pre-bifurcation case is much larger than the noise 

source variance would have us expect. We are hence 

observing an amplification of noise fluctuations, which 

takes place at the natural frequency selected by the 

dynamics of the system. We note that the fluctuation- 

enhanced peak observed here is of the same shape and 

occurs at the same frequency as that which appears af- 

ter the bifurcation; this behavior seems different from 

that of the “noisy precursors” studied by Wiesenfeld 

and others (see Ref. [ 161, and references therein). 

A clear picture of the amplification of noise fluc- 

tuations can be obtained by computing the standard 

deviation of the intensity time series as the first bifur- 

cation is approached. This is shown in Fig. 7, where a 

horizontal dashed line indicates the value that is to be 

expected from the real noise intensity which is being 

handled. The amplification effect is plainly revealed. 

Earlier examples of CR: 
Stochastic Ikeda model
 Delay from the ring laser

Stochastic bifurcations/
Lyapunov exponents
L. Arnold, Namachchivaya, Baxendale, 80’s, 90’s Garcia-Ojalvo, Roy, 1996

5. Summary and discussion

The aim of this paper was to show that a similar dynamical systems framework
can be formulated for the AMO as for ENSO. The minimal primitive equation
model, as presented in §2, takes the same role in the AMO theory as the ZC
model in the ENSO theory. In the ZC model the ocean–atmosphere coupling
strength m serves as the main control parameter, while in the AMO theory
the atmospheric damping time scale of SST anomalies, here mimicked by the
parameter g, has that role.

In both the minimal models of the ENSO and the AMO there is a normal
mode, the most dangerous mode (having the largest growth factor), which is able
to destabilize the background state. The nature of the ENSO mode that
destabilizes the Pacific mean state at sufficiently large coupling strength is a
merger between an ocean basin mode and a stationary SST mode. The
mechanism of the ENSO mode propagation and time scale is known to be
related to the dominant feedback mechanism (thermocline, upwelling and zonal
advection) and the equatorial wave propagation (Neelin et al. 1998). In the AMO
model, the most dangerous normal mode is called the AMO mode, and it results
from a merger of two SST modes at small DT (Dijkstra 2006). The propagation
of the AMO mode is determined by a thermal wind response to a propagating
temperature (or density) anomaly and the multidecadal time scale is set by
the east–west propagation time of the temperature (or density) anomalies. The
oscillation can be characterized by an out-of-phase response of the meridional
and zonal overturning anomalies, as shown in figure 5.

It is not known whether the tropical Pacific climate state is near a Hopf
bifurcation (Fedorov & Philander 2000). Owing to slow variations of this
background state, it is possible that one ENSO event could occur in the
supercritical regime (with less impact of noise) and the next in the subcritical
regime (with noise controlling its amplitude). Similarly, it is not known whether
the atmospheric damping time scale of temperature anomalies in the North
Atlantic (in this paper mimicked by g) induces a positive or negative growth
factor of the AMO mode in the deterministic case, as this depends also on the
background state.
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Figure 9. Standarddeviation of the SST(in 8C,averagedover theboxB [468 N–628 N]![748W–508W])
as a function of g, for the no noise (circle), QW (down triangle), QS,W (up triangle) and QS;W30

(right triangle) cases.
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CRII in other applications:

Competition of noise sources in delay 
dynamics: controlling CR with noise

Inherent regular fluctuations in infected 
populations



Mathematical Model: machine tool/metal cutting

present cut

previous cut

chip

tool

dx = ydt dy = (−2κy − x +
3

X

1

cj [x(t − τ) − x(t)]j)dt

+ η(1 +
3

X

1

cj [x(t − τ) − x(t)]j)

Key parameters:

x = fraction of variation from desired chip thickness

c1= material parameter, κ = damping (fixed)

τ= inversely proportional to rotation velocity

δ = percentage variation of material parameter, η = δdw

Chatter in 
machine tool 

dynamics

Noise sources: 
Material parameters (additive + multiplicative noise)     
Speed of rotation (delay)

Competition of noise sources:
CR in delay dynamics



Variation in material parameters: 
noise source amplifyies oscillations through CR
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Substituting this into the expression for force (2.2), a polynomial approximation can be obtained
via a Taylor series of F (f0 + [z(t − τ) − z(t)]) about z(t − τ) − z(t) = 0, keeping terms up to
[z(t−τ)−z(t)]3 [3] [16]. Here τ = 2π/Ω for Ω the angular velocity. One source of random variation
is the variation on Ω modeled as

Ω = Ω(1 + qζ(t)) (2.4)

with ζ ∈ [−1, 1], q < 1, and Ω a mean value of the spindle speed. A significant property of (2.4) is
that ζ is not varying continuously in time, but rather it is a step function taking different values
over regular time intervals of length L,

ζ(t) = ζk for tk < t < tk+1, tk = t0 + kL, k = 1, 2, . . . (2.5)

Here ζk are independent uniform random variables on [−1, 1]. This definition reflects practical
implementation and stabilizing effects [19], as discussed in detail in Section 3.2.

A second stochastic input in the material properties, writing K = K0(1 + η), with η viewed as
a percentage of K0. In [17] η is modeled by white noise with coefficient δ # 1 as a simple model
for variations in the material properties encountered in the cutting process, with similar effects
observed for colored noise.

Substituting (2.3) and (2.4) into (2.1) gives the non-dimensionalized form of the model, written
as a first order system

dx = y dt

dy = (−2κy − x +
3∑

1

cj [x(t − τ) − x(t)]j)dt + δdw +
3∑

1

cj [x(t − τ) − x(t)]j δdw. (2.6)

where

τ =
2πα

Ω
, (2.7)

c1 =
3
4

K0w

(mα2f1/4
0 )

, c2 = −1
8

c1

f0
, c3 =

5
96

c1

f2
0
, (2.8)

with Ω as in (2.4)-(2.5) Complete details of the derivation are given in [17]. We take δ in the range
0 < δ < .1, as representative of typical variations in material properties. Then (2.6) describes the
variation |x| as a percentage of the desired tool position z0. The key parameters are the mean
angular velocity Ω (or equivalently a mean value of delay τ), c1, the non-dimensionalized material
parameter, δ, the percentage of variation in the material propertiesa, and q, the variation in Ω as
a fraction of its mean value. In the following we take fixed damping κ = .05.

2.1 Linear stability

The stability boundary for the deterministic system has been given previously in [30], and also
discussed in [4]. We consider system (2.6) for δ = 0, linearized about the steady state equilibrium
x = 0, corresponding to no chatter. This linearization yields

d2x

dt2
+ 2κ

dx

dt
+ x = c1(x(t − τ) − x(t)). (2.9)

Substituting x = eλt we get the characteristic equation

λ2 + 2κλ + 1 = c1(e−λτ − 1). (2.10)
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with ζ ∈ [−1, 1], q < 1, and Ω a mean value of the spindle speed. A significant property of (2.4) is
that ζ is not varying continuously in time, but rather it is a step function taking different values
over regular time intervals of length L,

ζ(t) = ζk for tk < t < tk+1, tk = t0 + kL, k = 1, 2, . . . (2.5)
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implementation and stabilizing effects [19], as discussed in detail in Section 3.2.
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for variations in the material properties encountered in the cutting process, with similar effects
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with Ω as in (2.4)-(2.5) Complete details of the derivation are given in [17]. We take δ in the range
0 < δ < .1, as representative of typical variations in material properties. Then (2.6) describes the
variation |x| as a percentage of the desired tool position z0. The key parameters are the mean
angular velocity Ω (or equivalently a mean value of delay τ), c1, the non-dimensionalized material
parameter, δ, the percentage of variation in the material propertiesa, and q, the variation in Ω as
a fraction of its mean value. In the following we take fixed damping κ = .05.

2.1 Linear stability

The stability boundary for the deterministic system has been given previously in [30], and also
discussed in [4]. We consider system (2.6) for δ = 0, linearized about the steady state equilibrium
x = 0, corresponding to no chatter. This linearization yields
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Substituting x = eλt we get the characteristic equation
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Substituting this into the expression for force (2.2), a polynomial approximation can be obtained
via a Taylor series of F (f0 + [z(t − τ) − z(t)]) about z(t − τ) − z(t) = 0, keeping terms up to
[z(t−τ)−z(t)]3 [3] [16]. Here τ = 2π/Ω for Ω the angular velocity. One source of random variation
is the variation on Ω modeled as

Ω = Ω(1 + qζ(t)) (2.4)

with ζ ∈ [−1, 1], q < 1, and Ω a mean value of the spindle speed. A significant property of (2.4) is
that ζ is not varying continuously in time, but rather it is a step function taking different values
over regular time intervals of length L,

ζ(t) = ζk for tk < t < tk+1, tk = t0 + kL, k = 1, 2, . . . (2.5)

Here ζk are independent uniform random variables on [−1, 1]. This definition reflects practical
implementation and stabilizing effects [19], as discussed in detail in Section 3.2.

A second stochastic input in the material properties, writing K = K0(1 + η), with η viewed as
a percentage of K0. In [17] η is modeled by white noise with coefficient δ # 1 as a simple model
for variations in the material properties encountered in the cutting process, with similar effects
observed for colored noise.

Substituting (2.3) and (2.4) into (2.1) gives the non-dimensionalized form of the model, written
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with Ω as in (2.4)-(2.5) Complete details of the derivation are given in [17]. We take δ in the range
0 < δ < .1, as representative of typical variations in material properties. Then (2.6) describes the
variation |x| as a percentage of the desired tool position z0. The key parameters are the mean
angular velocity Ω (or equivalently a mean value of delay τ), c1, the non-dimensionalized material
parameter, δ, the percentage of variation in the material propertiesa, and q, the variation in Ω as
a fraction of its mean value. In the following we take fixed damping κ = .05.
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The stability boundary for the deterministic system has been given previously in [30], and also
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 takes uniform values at regular time intervals (L) 
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Variable delay

Random changes 
in delays:
suppressing 
oscillations

For parameters in 
region where x=0  is 
unstable:



• Noise “stabilized” transients

• Importance of multiple time scales

• Reduced systems for different scales

• Yields insight into the phenomenon: 
coherence resonance

• Noise beneficial/detrimental



Different noise sources: amplifying and 
suppressing oscillations

Stability region:  series of wedges with larger range 
of stability
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oscillations with dominant frequency,  
amplification factor = distance from critical



Substituting this into the expression for force (2.2), a polynomial approximation can be obtained
via a Taylor series of F (f0 + [z(t − τ) − z(t)]) about z(t − τ) − z(t) = 0, keeping terms up to
[z(t−τ)−z(t)]3 [3] [16]. Here τ = 2π/Ω for Ω the angular velocity. One source of random variation
is the variation on Ω modeled as

Ω = Ω(1 + qζ(t)) (2.4)

with ζ ∈ [−1, 1], q < 1, and Ω a mean value of the spindle speed. A significant property of (2.4) is
that ζ is not varying continuously in time, but rather it is a step function taking different values
over regular time intervals of length L,

ζ(t) = ζk for tk < t < tk+1, tk = t0 + kL, k = 1, 2, . . . (2.5)

Here ζk are independent uniform random variables on [−1, 1]. This definition reflects practical
implementation and stabilizing effects [19], as discussed in detail in Section 3.2.

A second stochastic input in the material properties, writing K = K0(1 + η), with η viewed as
a percentage of K0. In [17] η is modeled by white noise with coefficient δ # 1 as a simple model
for variations in the material properties encountered in the cutting process, with similar effects
observed for colored noise.

Substituting (2.3) and (2.4) into (2.1) gives the non-dimensionalized form of the model, written
as a first order system

dx = y dt
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, (2.8)

with Ω as in (2.4)-(2.5) Complete details of the derivation are given in [17]. We take δ in the range
0 < δ < .1, as representative of typical variations in material properties. Then (2.6) describes the
variation |x| as a percentage of the desired tool position z0. The key parameters are the mean
angular velocity Ω (or equivalently a mean value of delay τ), c1, the non-dimensionalized material
parameter, δ, the percentage of variation in the material propertiesa, and q, the variation in Ω as
a fraction of its mean value. In the following we take fixed damping κ = .05.

2.1 Linear stability

The stability boundary for the deterministic system has been given previously in [30], and also
discussed in [4]. We consider system (2.6) for δ = 0, linearized about the steady state equilibrium
x = 0, corresponding to no chatter. This linearization yields

d2x

dt2
+ 2κ

dx

dt
+ x = c1(x(t − τ) − x(t)). (2.9)

Substituting x = eλt we get the characteristic equation

λ2 + 2κλ + 1 = c1(e−λτ − 1). (2.10)

3

Substituting this into the expression for force (2.2), a polynomial approximation can be obtained
via a Taylor series of F (f0 + [z(t − τ) − z(t)]) about z(t − τ) − z(t) = 0, keeping terms up to
[z(t−τ)−z(t)]3 [3] [16]. Here τ = 2π/Ω for Ω the angular velocity. One source of random variation
is the variation on Ω modeled as

Ω = Ω(1 + qζ(t)) (2.4)

with ζ ∈ [−1, 1], q < 1, and Ω a mean value of the spindle speed. A significant property of (2.4) is
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with Ω as in (2.4)-(2.5) Complete details of the derivation are given in [17]. We take δ in the range
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2.1 Linear stability

The stability boundary for the deterministic system has been given previously in [30], and also
discussed in [4]. We consider system (2.6) for δ = 0, linearized about the steady state equilibrium
x = 0, corresponding to no chatter. This linearization yields
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+ 2κ
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dt
+ x = c1(x(t − τ) − x(t)). (2.9)
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Contrast to approach using the density p(x, t)

Fokker-Planck equation the probability densities p(x, t):

dx = a(x, t)dt + σdw for SDE’s (no delay)

∂p(x, t)
∂t

= − ∂
∂x

(ap(x, t)) +
σ2

2
∂2p(x, t)

∂x2

Fokker-Planck equation for SDDE’s

dx = a(x(t), x(t − τ))dt + σdw

∂p(x, t)

∂t
=

σ2

2

∂2p(x, t)

∂x2

−
Z

∂
∂x

(a(x(t), z)p(x, t, z, t − τ)) dz
| {z }

memory effect (z=x(t−τ))

Linear operator/generator + initial condition (function)

Linear, Stationary case:

Kuchler, Mensch (1992)



Another view: envelope equations

xtt = −ω2x + βxt − ax3 − bx2xt, β " 1

(Van der Pol/Duffing)

Modulation equations for amplitudes of oscillations:

A(T )cos ωt + B(T )sin ωt

T is a “slow” time : T = ε2t, ε" 1 .

ε typically related to the proximity to a transition point (β = ε2
) and/or a

specific frequency ω



Rigorous results

Stochastic van der Pol-Duffing:

(Arnold, Namachchivaya(1996), Baxendale(2002), Khasminskii (1963))

dx = y dt

dy =
ˆ

−ω2x + βy − ax3 − bx2y
˜

dt + noise

Additive noise: δdw or Multiplicative noise: δxdw

β = ε2 " 1: (small damping) “Nontrivial” results: δ = ε, ε → 0

Projection/rotation, averaged, certain restrictions on the nonlinearity

Equations for the averaged process = amplitude/envelope of oscillations

Effective noise for the average process: Generator for the averaged process

= generator for original process under projection/averaging

Lyapunov exponents: λ = limt→∞ t−1 log ‖ xL ‖→ λdet + cλδ2

Amplitude  equations for SPDE’s: Blomker, et al, 00’s



SDDE: (additive noise)

dx = y dt, dx = f(x(t), x(t− τ); c1) dt + δdw

τ ∼ τc + ε2τ2 or c1 = c1c + ε2c12

T is a slow time T = ε2t,

Look for solution of the form

x̂(t) = A(T )cos bt + B(T )sin bt

Information from the deterministic problem: on t time scale

Derive equations for noisy amplitudes on T time scale
0

@ dA

dB

1

A =

0

@ ψA

ψB

1

A dT + Σ

0

@ dβA(T )

dβB(T )

1

A

Σ = constant matrix for added noise

Find ψA, ψB and Σ by equating two equations for dx:

Ito’s formula: change of variables from x to A, B

Substitution in the SDDE (involves A(T ),A(T − ε2τ) , etc.)
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Projection onto primary modes cos bt, sin bt:

Drift terms: Standard multi-scale analysis for envelopes over long time

Stochastic terms: Treat as Fourier series-type expansion

δw(t) = δ
X

fjcos(jbt)wj1(t) + gjsin(jbt)wj2(t)

δw(t) =
δ

ε

nX

j=1

fjcos(jbt)wj1(T ) + gjsin(jbt)wj2(T )

Project as a multi-scale process: T = ε2t independent of t

Slow decay on T scale: j = 1

Fast decay on t scale: j != 1



boundary in Figure 1 corresponding to the given τ and cc
1. The resulting reduced system gives an

efficient means for computing an approximate probability density function over the long time scale

T . The form of the equations for A and B is











dA

dB











=











ψA(A,B)

ψB(A,B)











dT +
δ

ε











σ11 σ12

σ21 σ22





















dξ1(T )

dξ2(T )











, (3.12)

with ξj(t), j = 1, 2 independent standard Brownian motions. For parameters in the deterministic

(δ = q = 0) stability region for x = 0, the amplitude (A,B) of the vibrations decay on the T

time scale. However, for δ != 0 the envelope of the vibrations has a standard deviation on the

order of δ/ε (σ11 and σ22 are O(κ) while σ12 and σ21 are O(1)), indicating that the amplification

is inversely proportional to the square root of the proximity to the stability boundary. Figure 2

gives graphs of the invariant density p(x) (for large time) for different values of c1, showing the

increase in the variance as the parameter values approach the stability boundary. One can include

additional terms in (3.12) related to the multiplicative noise, but they are not included here, since

they describe effects that are an order of magnitude smaller than those due to the additive noise

for δ " 1.

The coefficients ψA and ψB are given in detail in [19]. The form of ψA(A,B) is

ψ(A,B) = cc
1

[

g1(ω,κ)
A(T − ε2τ) − A(T )

ε2
+ g2(ω,κ)

B(T − ε2τ) − B(T )

ε2

]

+ c12[h1(ω,κ)A(T ) + h2(ω,κ)B(T )] (3.13)

and similarly for ψB . Note that these coefficients depend on A(T ), B(T ) and A(T−ε2τ), B(T−ε2τ),

that is, they also depend on the delayed value of the envelope. On the slow time scale T this

corresponds to a small delay.
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Compare probability density p(x)
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x̂(t) = A(T )cos bt + B(T )sin bt
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Substituting this into the expression for force (2.2), a polynomial approximation can be obtained
via a Taylor series of F (f0 + [z(t − τ) − z(t)]) about z(t − τ) − z(t) = 0, keeping terms up to
[z(t−τ)−z(t)]3 [3] [16]. Here τ = 2π/Ω for Ω the angular velocity. One source of random variation
is the variation on Ω modeled as

Ω = Ω(1 + qζ(t)) (2.4)

with ζ ∈ [−1, 1], q < 1, and Ω a mean value of the spindle speed. A significant property of (2.4) is
that ζ is not varying continuously in time, but rather it is a step function taking different values
over regular time intervals of length L,

ζ(t) = ζk for tk < t < tk+1, tk = t0 + kL, k = 1, 2, . . . (2.5)

Here ζk are independent uniform random variables on [−1, 1]. This definition reflects practical
implementation and stabilizing effects [19], as discussed in detail in Section 3.2.

A second stochastic input in the material properties, writing K = K0(1 + η), with η viewed as
a percentage of K0. In [17] η is modeled by white noise with coefficient δ # 1 as a simple model
for variations in the material properties encountered in the cutting process, with similar effects
observed for colored noise.

Substituting (2.3) and (2.4) into (2.1) gives the non-dimensionalized form of the model, written
as a first order system

dx = y dt

dy = (−2κy − x +
3∑

1

cj [x(t − τ) − x(t)]j)dt + δdw +
3∑

1

cj [x(t − τ) − x(t)]j δdw. (2.6)

where

τ =
2πα

Ω
, (2.7)

c1 =
3
4

K0w

(mα2f1/4
0 )

, c2 = −1
8

c1

f0
, c3 =

5
96

c1

f2
0
, (2.8)

with Ω as in (2.4)-(2.5) Complete details of the derivation are given in [17]. We take δ in the range
0 < δ < .1, as representative of typical variations in material properties. Then (2.6) describes the
variation |x| as a percentage of the desired tool position z0. The key parameters are the mean
angular velocity Ω (or equivalently a mean value of delay τ), c1, the non-dimensionalized material
parameter, δ, the percentage of variation in the material propertiesa, and q, the variation in Ω as
a fraction of its mean value. In the following we take fixed damping κ = .05.

2.1 Linear stability

The stability boundary for the deterministic system has been given previously in [30], and also
discussed in [4]. We consider system (2.6) for δ = 0, linearized about the steady state equilibrium
x = 0, corresponding to no chatter. This linearization yields

d2x

dt2
+ 2κ

dx

dt
+ x = c1(x(t − τ) − x(t)). (2.9)

Substituting x = eλt we get the characteristic equation

λ2 + 2κλ + 1 = c1(e−λτ − 1). (2.10)
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For parameters in region 
where x=0  is unstable:

Random changes in delays:
suppressing oscillations
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Figure 1: The stability boundary for the zero solution for the linearized deterministic equation (2.6) with
δ = 0. The equilibrium at x = 0 is stable for parameter values below these curves. The series of curves is a
result of the periodicity of eλt in (2.10) for λ = iω.
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Results for variation of delay w/o variation 
of material parameters

 Without CR:  eigenvalues of 
discretized problem
(Yilmaz, 2003)

using the system bandwidth to compute the duration time, Eq. !3",
is a reliable method to decide on the lowest nominal hold
duration.

6 Conclusions

In this paper, we introduced a new machine tool chatter sup-
pression technique called Multi-level Random Spindle Speed
Variation !MRSSV". This new suppression technique eliminates
parameter adjustment phase that is required by similar methods

such as S3V. It is also shown that the stability improvement
achieved by MRSSV machining is satisfactorily comparable with

the improvements achieved by S3V. A new analysis tool is also
demonstrated to investigate machine-tool dynamic characteristics
in the event of spindle speed variation, or in other words, time-
varying delay systems.
These spindle speed variation methods can serve two purposes:

!1" avoidance of machine-tool self-excited vibration associated
with existing depths of cuts, !2" practical improvement of produc-
tivity through higher depth of cut by employing these spindle
speed variation techniques. The authors believe that, with the cur-
rent state of the spindle system structural designs and their capa-
bilities, these spindle variation methods can serve better for chat-
ter avoidance purposes.
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Nomenclature

Ak ! process state matrix
am ! allowable amplitude of spindle speed variation signal,

#rpm$
% ! spindle speed amplitude ratio
d ! depth of cut, #mm$
& ! time step, #sec$
f ! spindle speed signal frequency, #Hz$

'(t) ! time-delay process, #sec$
( ! Lyapunov exponent
Kc ! cutting force coefficient, #N/m2$
k ! index number of the time step

M (t;z) ! uniform random process
) ! overlapping factor

pmax ! maximum number of time steps by which the time-
delay can be partitioned

p(i) ! discrete-state process
so ! nominal spindle speed, #rpm$

s(t) ! spindle speed signal, #rpm$
t ! time, #sec$

u(m) ! probability density function for uniform distribution
*bw ! overall spindle system bandwidth, #rad/sec$
*n ! natural frequency of the dynamic system, #rad/sec$
x(t) ! relative displacement between the tool and the work-

piece, #mm$
z ! hold time step size, #sec$
+ ! structural and cutting damping ratio
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• Noise-induced order via 
transients

• Switching between 
exponential damping and 
slow growth of CR

• Apparent controlled 
oscillations/quiescence is a 
sequence of transients

0 1 2 3 4 5 6 7 8 9 10
!0.4

!0.2

0

0.2

0.4

0 1 2 3 4 5 6 7 8 9 10
500

600

700

800

900

x

s

Ωrpm

s

Figure 3: Top: The time series for (2.6) with δ = 0, τ = 66, c1 = .115 and q = 0 (dotted line), q = .25
(solid line). Bottom: Variation in Ωrpm corresponding to the time series in the top figure for q = .25.
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Time scale of coherence resonance:  T 
Time scale of oscillations: t
Time interval for varying delay: L

Variance of resonant mode on intermediate scale:
Valid for L sufficiently large

boundary in Figure 1 corresponding to the given τ and cc
1. The resulting reduced system gives an

efficient means for computing an approximate probability density function over the long time scale

T . The form of the equations for A and B is











dA

dB











=











ψA(A,B)

ψB(A,B)











dT +
δ

ε











σ11 σ12

σ21 σ22





















dξ1(T )

dξ2(T )











, (3.12)

with ξj(t), j = 1, 2 independent standard Brownian motions. For parameters in the deterministic

(δ = q = 0) stability region for x = 0, the amplitude (A,B) of the vibrations decay on the T

time scale. However, for δ != 0 the envelope of the vibrations has a standard deviation on the

order of δ/ε (σ11 and σ22 are O(κ) while σ12 and σ21 are O(1)), indicating that the amplification

is inversely proportional to the square root of the proximity to the stability boundary. Figure 2

gives graphs of the invariant density p(x) (for large time) for different values of c1, showing the

increase in the variance as the parameter values approach the stability boundary. One can include

additional terms in (3.12) related to the multiplicative noise, but they are not included here, since

they describe effects that are an order of magnitude smaller than those due to the additive noise

for δ " 1.

The coefficients ψA and ψB are given in detail in [19]. The form of ψA(A,B) is

ψ(A,B) = cc
1

[

g1(ω,κ)
A(T − ε2τ) − A(T )

ε2
+ g2(ω,κ)

B(T − ε2τ) − B(T )

ε2

]

+ c12[h1(ω,κ)A(T ) + h2(ω,κ)B(T )] (3.13)

and similarly for ψB . Note that these coefficients depend on A(T ), B(T ) and A(T−ε2τ), B(T−ε2τ),

that is, they also depend on the delayed value of the envelope. On the slow time scale T this

corresponds to a small delay.

8

Envelope equations for oscillations:

boundary in Figure 1 corresponding to the given τ and cc
1. The resulting reduced system gives an

efficient means for computing an approximate probability density function over the long time scale

T . The form of the equations for A and B is











dA

dB











=











ψA(A,B)

ψB(A,B)











dT +
δ

ε











σ11 σ12

σ21 σ22





















dξ1(T )

dξ2(T )











, (3.12)

with ξj(t), j = 1, 2 independent standard Brownian motions. For parameters in the deterministic

(δ = q = 0) stability region for x = 0, the amplitude (A,B) of the vibrations decay on the T

time scale. However, for δ != 0 the envelope of the vibrations has a standard deviation on the

order of δ/ε (σ11 and σ22 are O(κ) while σ12 and σ21 are O(1)), indicating that the amplification

is inversely proportional to the square root of the proximity to the stability boundary. Figure 2

gives graphs of the invariant density p(x) (for large time) for different values of c1, showing the

increase in the variance as the parameter values approach the stability boundary. One can include

additional terms in (3.12) related to the multiplicative noise, but they are not included here, since

they describe effects that are an order of magnitude smaller than those due to the additive noise

for δ " 1.

The coefficients ψA and ψB are given in detail in [19]. The form of ψA(A,B) is

ψ(A,B) = cc
1

[

g1(ω,κ)
A(T − ε2τ) − A(T )

ε2
+ g2(ω,κ)

B(T − ε2τ) − B(T )

ε2

]

+ c12[h1(ω,κ)A(T ) + h2(ω,κ)B(T )] (3.13)

and similarly for ψB . Note that these coefficients depend on A(T ), B(T ) and A(T−ε2τ), B(T−ε2τ),

that is, they also depend on the delayed value of the envelope. On the slow time scale T this

corresponds to a small delay.

8

K. 2006
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Both noise sources:
Coherence resonance sustains 
oscillations, variable delay 
suppresses oscillations

the variance of the process, we compare with a simple yet similar example in which it is possible to

compute the variance explicitly. Approximating A(T ) in (3.11) as an Ornstein-Uhlenbeck process

with a steady state distribution that is normal with mean zero and variance δ2/(2rε2), gives a time

dependent variance

dA = −rAdT +
δ

ε
dW (T ) (4.14)

VarA(T ) = Var[A(0)]e−2T +
δ2

2rε2
[1 − e−2rT ]

=
δ2

2rε2
[1 − e−2rT ] + O(δ2) .

Then we can approximate the variance of A(T ) at an intermediate time t = L (T = ε2L). First

we find r so that the invariant density has the appropriate variance as compared with the re-

sults obtained from simulations of (3.12), yielding r ≈ 6.05. Comparing the standard devia-

tion (std) of A(T ) for T = L = τ and T = L = 4τ to that of the invariant density for A(∞)

yields [stdA(ε2τ)]/[stdA(∞)] ≈ .55 and [stdA(4ε2τ)]/[stdA(∞)] ≈ .87. These results indicate how

switching the delay value at an intermediate time limits the growth of the vibrations amplified

by coherence resonance. Of course this is only a rough approximation, to highlight the signifi-

cance of the slow time evolution of the amplitudes. Comparing the standard deviations for the

corresponding densities shown in Figure 4 shows a similar trend: [std(x1)]/[std(x0)] ≈ .49 and

[std(x2)]/[std(x0)] ≈ .75, where x0, x1, and x2 denote realizations for which q = 0, q = .25 and

L = τ , and q = .25 and L = 4τ , respectively. Similar behavior is observed for other values of τ and

δ < .1.

A couple of cautions must be noted. As discussed in Section 3.2, the dynamics of A and B

are governed by SDDE’s, so we can not write down an explicit expression for their time dependent

variances. For some models with small delays, as in (3.12), it is possible to use an Ornstein-

Uhlenbeck approximation which sets these delays to zero. However, in this case the delays play

14

Consider 
oscillations on 
intermediate 
time scale

If amplitude is 
O-U:

Variance increases with time until 
stationary

p(x,t)

x



Time scale of coherence resonance:  T 
Time scale of oscillations: t
Time interval for varying delay: L

Variance of resonant mode on intermediate scale:
Valid for L sufficiently large

boundary in Figure 1 corresponding to the given τ and cc
1. The resulting reduced system gives an

efficient means for computing an approximate probability density function over the long time scale

T . The form of the equations for A and B is











dA

dB










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
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dξ1(T )

dξ2(T )











, (3.12)

with ξj(t), j = 1, 2 independent standard Brownian motions. For parameters in the deterministic

(δ = q = 0) stability region for x = 0, the amplitude (A,B) of the vibrations decay on the T

time scale. However, for δ != 0 the envelope of the vibrations has a standard deviation on the

order of δ/ε (σ11 and σ22 are O(κ) while σ12 and σ21 are O(1)), indicating that the amplification

is inversely proportional to the square root of the proximity to the stability boundary. Figure 2

gives graphs of the invariant density p(x) (for large time) for different values of c1, showing the

increase in the variance as the parameter values approach the stability boundary. One can include

additional terms in (3.12) related to the multiplicative noise, but they are not included here, since

they describe effects that are an order of magnitude smaller than those due to the additive noise

for δ " 1.

The coefficients ψA and ψB are given in detail in [19]. The form of ψA(A,B) is

ψ(A,B) = cc
1

[

g1(ω,κ)
A(T − ε2τ) − A(T )

ε2
+ g2(ω,κ)

B(T − ε2τ) − B(T )

ε2

]

+ c12[h1(ω,κ)A(T ) + h2(ω,κ)B(T )] (3.13)

and similarly for ψB . Note that these coefficients depend on A(T ), B(T ) and A(T−ε2τ), B(T−ε2τ),

that is, they also depend on the delayed value of the envelope. On the slow time scale T this

corresponds to a small delay.

8

Envelope equations for oscillations:

boundary in Figure 1 corresponding to the given τ and cc
1. The resulting reduced system gives an

efficient means for computing an approximate probability density function over the long time scale

T . The form of the equations for A and B is











dA

dB











=











ψA(A,B)

ψB(A,B)











dT +
δ

ε










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σ21 σ22








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
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





dξ1(T )

dξ2(T )




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

, (3.12)

with ξj(t), j = 1, 2 independent standard Brownian motions. For parameters in the deterministic

(δ = q = 0) stability region for x = 0, the amplitude (A,B) of the vibrations decay on the T

time scale. However, for δ != 0 the envelope of the vibrations has a standard deviation on the

order of δ/ε (σ11 and σ22 are O(κ) while σ12 and σ21 are O(1)), indicating that the amplification

is inversely proportional to the square root of the proximity to the stability boundary. Figure 2

gives graphs of the invariant density p(x) (for large time) for different values of c1, showing the

increase in the variance as the parameter values approach the stability boundary. One can include

additional terms in (3.12) related to the multiplicative noise, but they are not included here, since

they describe effects that are an order of magnitude smaller than those due to the additive noise

for δ " 1.

The coefficients ψA and ψB are given in detail in [19]. The form of ψA(A,B) is

ψ(A,B) = cc
1

[

g1(ω,κ)
A(T − ε2τ) − A(T )

ε2
+ g2(ω,κ)

B(T − ε2τ) − B(T )

ε2

]

+ c12[h1(ω,κ)A(T ) + h2(ω,κ)B(T )] (3.13)

and similarly for ψB . Note that these coefficients depend on A(T ), B(T ) and A(T−ε2τ), B(T−ε2τ),

that is, they also depend on the delayed value of the envelope. On the slow time scale T this

corresponds to a small delay.

8

Variation in τ : The delay takes random values at time intervals of length L which are long

compared with the period of the oscillations. For τ and c1 in a parameter range near the stability

boundary, periods of slow growth of oscillations are followed by periods of stronger decay when the

delay varies, yielding a net decay.

Figure 4 illustrates the effect when both δ and q are non-zero. The system parameters are

c1 = .11 and τ = 66, so that for δ = q = 0 the steady state x = 0 is stable. For 0 < δ ! 1 we observe

coherence resonance of a critical mode, with an amplification factor ε−1 where ε2 = cc
1−c1 = .00045.

We observe some damping for q = .25 as shown by p(x): the standard deviation of x is clearly

larger for q = 0 (roughly by a factor of two) than it is for q = .25. In addition, the length of time

interval L on which the delay τ (or equivalently Ω) is held constant can also affect suppression.

An understanding of the different time scales is necessary to understand the overall effect of the

combined noise sources. In this case the time L between switching is long compared with the period

of the oscillations, but short compared to the envelope evolution scale, t ! L ! 1/ε2. Then, on an

interval of length L with a fixed value of τ , the coherence resonance causes an amplification of the

critical mode. As seen in Section 3.2, a change in the value of τ at time tk+1 leads to a decay of the

mode that was resonant for tk < t < tk+1. However, due to the additive noise, the amplitudes of

the modes do not decay to exponentially small values. Rather, the noise with strength δ supports

non-resonant oscillations of O(δ) over the spectrum of the noise. When τ jumps to a new value

at tk and is then held constant on the following time interval of length L there is growth of the

corresponding resonant mode, starting from an O(δ) initial condition. Since L ! ε−2, this time

interval is not long enough for the envelope to reach its invariant density, so we look at its behavior

on the intermediate time scale L.

To illustrate how the length of the time interval L on which the delay is constant can influence

13
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Figure 6: Stability curves for the equilibrium solution x = 0 of the mass-spring-damper substructure model,
for κ = .1066.
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Other models with feedback 

Variable delay again stabilizing
(discrete time intervals) 

variation in delay only we set δ0 = δ1 = δ2 = 0 in (5.17). Without numerical simulations, we can

predict the behavior directly from the location of the stability curves. Recall the critical feature in

the machine tool dynamics (2.6), where the growth rate of the oscillations was an order of magnitude

smaller than the decay rate obtained by the jump in the delay. In contrast, the fluctuations in the

delay in (5.17) yield growth and decay which are the same order of magnitude. This follows from

the observation that increasing the delay only moves the system farther into the instability region,

which causes faster growth of the oscillations. Then it can be anticipated that the variable delay

does not suppress the oscillations as in Section 3.2, as there is no net decay resulting from random

jumps in the delay. Numerical simulations confirm this observation.

We consider a second example of a second order DDE proposed as a model for substructuring,

a hybrid numerical-experimental testing technique in which an experimental element is combined

with a numerical model of the rest of the system. The goal is to test the performance of the entire

system, given this experimental input. Delays are included in these models to capture measurement,

signal processing, computation, and transfer system delays.[34]

A simple mass-spring-damper model for feedback effects in such a system is given in [34] as

xt = y (5.19)

yt = −2κxt − x − px(t − τ) (5.20)

The linear stability boundary for the steady state zero solution is obtained as in the previous

examples (2.10) and (5.18),

ωτ = tan−1

[

2κω

ω2 − 1

]

+ jπ p =
√

(ω2 − 1)2 + 4κ2ω2 (5.21)

Again there is a sequence of lobes of instability separated by wedges of stability for p < 1 as shown

in Figure 6.

Due to the similarity in structure between the stability regions for the two models (2.6) and

17

Illustrating feedback in 
substructure modeling:
hybrid experimental-numerical 
model 
Delays due to signal 
processing, computation, etc.
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Figure 7: Time series for x(t) in the mass-spring-damper substructure model for p = .33, τ = 3, and

κ = .1066. These parameters are in the instability region, so that there is slow growth of oscillations for

q = 0 (dotted line). For smaller variability in the delay q = .2 (dash-dotted line), there is some transient

behavior before damping of the oscillations. For larger variability q = .5 (heavy dots), there is stronger

suppression of the oscillations.
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Complicated stability regions not uncommon for DDE’s:
Controlled container crane, Erneux, Kalmar-Nagy, 2008
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Figure 11. Basins of attraction for pulses in ap, simulating thrombopoietin administration.

compartment (at least, when considered on its own). Suppose that when an amplification ai
increases, the corresponding compartment n, r, or p responds by trying to “track” the change
and reach a new pseudosteady state. Then we can write

∂δ

∂an
=

∂δ

∂n

∂n

∂an
≈ −b22θ

2
1q

(θ + n)2(γnθ + 1)
= O(10−2),

∂δ

∂ap
=

∂δ

∂p

∂p

∂ap
≈ −b3sppspq(1 − µ3)

(1 + psp)2(1+sp)psp
= O(10−3),

∂δ

∂ap
=

∂δ

∂p

∂p

∂ap
≈ −b3sppspq(1 − µ3)

(1 + psp)2(1+sp)psp
= O(10−5).

(6)

A change in ap is far more effective than a change in ar at changing δ. In addition,
the time scales for the n and p equations (1/γn and 1/γp) are much faster than for the r
equation, as 1/γr ∼ O(103). The value of r thus does not respond quickly, and even if it
did, (6) indicates that the response would not be as strong as the platelet response. While
the neutrophil response time is adequate, the neutrophils are not in a pseudosteady state
on the low-amplitude branch; rather, when q is high they undergo high-frequency transient
oscillations (see Figure 5(a) and the discussion in [4]). They therefore do not have a consistent
effect on δ when an is raised.

In addition, it has been found that q undergoes relaxation oscillations and therefore has
slow and fast phases [12, 4]. This, together with the details of the response of p to an increase
in ap, probably accounts for the sensitivity of the results on the phase of oscillation; when q
is in the lower half of the slow portion of the oscillation, decreasing δ may have more effect
than when q is high.

5. Conclusions. Despite the potential complexity of stem cell/tissue models, the model
analyzed here for hematopoietic production and regulation shows some interpretable dynam-
ics. The location and behavior of the Hopf bifurcation believed to give rise to CN in the full
model occurs in the stem cell model when it is decoupled from the mature tissues, suggesting
a possible avenue for analysis of more complicated versions of the model given in (1). Inter-

Delayed response for therapies:
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We are interested in when the expression equals 0, thus satisfying (4.2).
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Fig. 4.2. Crossing curves with respect to σ and τ̃ when υ̃ = 0. (a) The zoomed-out plot shows
the overall structure of the crossing curves. (b) The zoomed-in plot shows the small region of stability
around the origin. Note that only nonnegative delays make sense.

For comparison, when υ̃ = 0.01, the stable region around the origin disappears,
and the system is not stable for any (positive) choice of σ and τ̃ . Figure 4.3 shows
that the stable region around (0, 0) disappears when υ̃ = 0.01. From this figure, it is
apparent that the stability of the system is sensitive to small changes in the delay υ̃.

However, it is interesting to note that when around when υ̃ = 25, the stable region
around 0 reappears. The new stable region is also about two orders of magnitude
larger, making it of relevant size to include reasonable values for τ̃ . Figure 4.4 shows
crossing curves of σ vs. τ̃ when υ̃ = 25. We will inspect this stable region again in
Section 4.5.

4.4. Crossing curves of the large delays τ̃ and υ̃ versus the small delay
σ. In this section, we take N = 1 (i.e., we assume T cells divide once upon stimulation
by cancer cells) and assume that τ̃ = υ̃. When N = 1, this assumption makes sense,

Immune response to
leukemia treatment:
 delays for cell 
division/interaction
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well known and simple, and we can model differentiation as hi(X1, . . . , Xn) = hi(Xi) so that
the rate of entry into each cell lineage is a function of mature numbers in that lineage only.

Though in this context it is relatively simple, the hematological system demonstrates in-
teresting observed dynamics. In several hematopoietic diseases, blood cell numbers oscillate
significantly, with the same period of oscillation occurring in the neutrophils (white blood
cells), platelets, and sometimes reticulocytes (red blood cell precursors). In cyclical neu-
tropenia (CN), neutrophil numbers reach dangerously low levels, oscillating with a period of
19–21 days in humans and 11–16 days in dogs. Longer periods of up to 50 days have been
observed [15]. Platelet levels oscillate around their mean value with the same period. In
periodic chronic myelogenous leukemia (PCML), leukocyte levels oscillate far above normal
values with very long periods, ranging from 40–80 days [11].

Previous modeling efforts and traditional biological research have made progress in under-
standing the dynamics of these diseases, but the precise nature and origins of the oscillations
remain disputed. This is in part because the dynamics of the hematopoietic stem cells have not
been well characterized. These are located inside the bone marrow, and so are comparatively
inaccessible. So, unlike the circulating blood cells, good time series data for the hematopoietic
stem cells (HSCs) are unavailable.

Bernard, Bélair, and Mackey [1] presented a mathematical model that coupled the HSCs
and circulating neutrophil population dynamics. Oscillations arose from a Hopf bifurcation
in the HSC compartment, and were consistent with some, but not all, observed features of
neutrophil oscillations in CN. Colijn and Mackey [5] presented a model of blood cell production
that included the HSCs, neutrophils, platelets, and erythrocytes, and found parameters that
were most important in fitting model simulations to data.

In section 2 we analyze a version of (1) analogous to that given in [5]. We perform
bifurcation analysis (section 3) with respect to the parameters that are most critical in CN, and
compare the hematopoietic stem cell compartment alone with the full model. In section 3.3, for
a point in parameter space characteristic of treated CN, we find three locally stable solutions:
two periodic branches and the steady state. This allows the exploration in section 4 of several
methods to perturb the system from an oscillating branch to the steady-state branch.

2. The model. A nondimensional model of the hematopoietic production system is given
by

dq

dt
= −qb1hq(q) + b1µ1q1hq(q1) − q {b2hn(n) + b3hp(p) + b4hr(r)} ,

dn

dt
= −γnn + anb2qτnmhn(nτnm),

dp

dt
= −γpp + apb3

{
qτpmhp(pτpm) − µ3qτpsumhp(pτpsum)

}
,

dr

dt
= −γrr + arb4 {qτrmhr(rτrm) − µ4qτrsumhr(rτrsum)} ,

(2)

where q, n, r, and p are nondimensional stem cells, neutrophils, erythrocytes, and platelets,
respectively. Subscripts indicate delays: q1 = q(t− 1) and so on.

The functions hq, hn, hr, and hp are Hill functions given by
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Figure 11. Basins of attraction for pulses in ap, simulating thrombopoietin administration.

compartment (at least, when considered on its own). Suppose that when an amplification ai
increases, the corresponding compartment n, r, or p responds by trying to “track” the change
and reach a new pseudosteady state. Then we can write

∂δ

∂an
=

∂δ

∂n

∂n

∂an
≈ −b22θ

2
1q

(θ + n)2(γnθ + 1)
= O(10−2),

∂δ

∂ap
=

∂δ

∂p

∂p

∂ap
≈ −b3sppspq(1 − µ3)

(1 + psp)2(1+sp)psp
= O(10−3),

∂δ

∂ap
=

∂δ

∂p

∂p

∂ap
≈ −b3sppspq(1 − µ3)

(1 + psp)2(1+sp)psp
= O(10−5).

(6)

A change in ap is far more effective than a change in ar at changing δ. In addition,
the time scales for the n and p equations (1/γn and 1/γp) are much faster than for the r
equation, as 1/γr ∼ O(103). The value of r thus does not respond quickly, and even if it
did, (6) indicates that the response would not be as strong as the platelet response. While
the neutrophil response time is adequate, the neutrophils are not in a pseudosteady state
on the low-amplitude branch; rather, when q is high they undergo high-frequency transient
oscillations (see Figure 5(a) and the discussion in [4]). They therefore do not have a consistent
effect on δ when an is raised.

In addition, it has been found that q undergoes relaxation oscillations and therefore has
slow and fast phases [12, 4]. This, together with the details of the response of p to an increase
in ap, probably accounts for the sensitivity of the results on the phase of oscillation; when q
is in the lower half of the slow portion of the oscillation, decreasing δ may have more effect
than when q is high.

5. Conclusions. Despite the potential complexity of stem cell/tissue models, the model
analyzed here for hematopoietic production and regulation shows some interpretable dynam-
ics. The location and behavior of the Hopf bifurcation believed to give rise to CN in the full
model occurs in the stem cell model when it is decoupled from the mature tissues, suggesting
a possible avenue for analysis of more complicated versions of the model given in (1). Inter-
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well known and simple, and we can model differentiation as hi(X1, . . . , Xn) = hi(Xi) so that
the rate of entry into each cell lineage is a function of mature numbers in that lineage only.

Though in this context it is relatively simple, the hematological system demonstrates in-
teresting observed dynamics. In several hematopoietic diseases, blood cell numbers oscillate
significantly, with the same period of oscillation occurring in the neutrophils (white blood
cells), platelets, and sometimes reticulocytes (red blood cell precursors). In cyclical neu-
tropenia (CN), neutrophil numbers reach dangerously low levels, oscillating with a period of
19–21 days in humans and 11–16 days in dogs. Longer periods of up to 50 days have been
observed [15]. Platelet levels oscillate around their mean value with the same period. In
periodic chronic myelogenous leukemia (PCML), leukocyte levels oscillate far above normal
values with very long periods, ranging from 40–80 days [11].

Previous modeling efforts and traditional biological research have made progress in under-
standing the dynamics of these diseases, but the precise nature and origins of the oscillations
remain disputed. This is in part because the dynamics of the hematopoietic stem cells have not
been well characterized. These are located inside the bone marrow, and so are comparatively
inaccessible. So, unlike the circulating blood cells, good time series data for the hematopoietic
stem cells (HSCs) are unavailable.

Bernard, Bélair, and Mackey [1] presented a mathematical model that coupled the HSCs
and circulating neutrophil population dynamics. Oscillations arose from a Hopf bifurcation
in the HSC compartment, and were consistent with some, but not all, observed features of
neutrophil oscillations in CN. Colijn and Mackey [5] presented a model of blood cell production
that included the HSCs, neutrophils, platelets, and erythrocytes, and found parameters that
were most important in fitting model simulations to data.

In section 2 we analyze a version of (1) analogous to that given in [5]. We perform
bifurcation analysis (section 3) with respect to the parameters that are most critical in CN, and
compare the hematopoietic stem cell compartment alone with the full model. In section 3.3, for
a point in parameter space characteristic of treated CN, we find three locally stable solutions:
two periodic branches and the steady state. This allows the exploration in section 4 of several
methods to perturb the system from an oscillating branch to the steady-state branch.

2. The model. A nondimensional model of the hematopoietic production system is given
by

dq

dt
= −qb1hq(q) + b1µ1q1hq(q1) − q {b2hn(n) + b3hp(p) + b4hr(r)} ,

dn

dt
= −γnn + anb2qτnmhn(nτnm),

dp

dt
= −γpp + apb3

{
qτpmhp(pτpm) − µ3qτpsumhp(pτpsum)

}
,

dr

dt
= −γrr + arb4 {qτrmhr(rτrm) − µ4qτrsumhr(rτrsum)} ,

(2)

where q, n, r, and p are nondimensional stem cells, neutrophils, erythrocytes, and platelets,
respectively. Subscripts indicate delays: q1 = q(t− 1) and so on.

The functions hq, hn, hr, and hp are Hill functions given by

Stem cells

Platelets

20 30 40 50 60 70 80 90 100 110 120
0

5

10

15

0 50 100 150
2

3

4

5

6

7

8

9

30 40 50 60 70 80 90 100 110 120 130
0

5

10

15

30 40 50 60 70 80 90 100 110 120 130
0

0.5

1

1.5

2

2.5

Variable delay (production)

Colijn, Mackey, 2007



Infectious disease modeling:
Stochastic vs. deterministic

• Quasi-regular 
recurrence

Epidemics: Stochastic vs. Deterministic SIR models

Susceptible→ Infected→ Recovered

Observations and Monte Carlo simulations:

Significant oscillations following spike in infected populations

Deterministic models: Damping of spikes→ steady-states

Other factors for oscillations: demographic information, seasonal variations,

temporary immunity, etc.

0 10 20 30 40 50 60 70 80 90 100
0

1000

2000

3000

4000

5000

6000

7000

8000

Infected

Population

t
(with Greenwood, Gordillo, 2006)

Two criteria:

1. Multiple time scales

2. Balance of noise 
and  deterministic 
dynamics

The Model

S= Susceptibles, I = Infected, R= Recovered

Transition Rate

S → S + 1 µN

S → S − 1 βSI/N + µS

I → I + 1 βSI/N

I → I − 1 (γ + µ)I

N = S + I + R

µ = birth/death rate

γ = recovery rate (1/D)

β/N = the infection rate per pair of susceptibles and infectives.

R0 = β/(γ + µ) = avg. secondary infections/infected individual

Stochastic system: Transition rates of Poisson processes

P (St+∆t = s + 1|St = s) = µN∆t + o(∆t),

Deterministic system: Rates give a system of ODE’s



First criterion: Multiple 
scales

Second criterion: 
Balance of noise/
dynamics

Parameter regions for sustained oscillations

Conditions:

i) Multiple time scales: ε2 ! 1 (slow decay)

ii) Balance of noise and deterministic dynamics
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γ = recovery rate (1/D)

β/N = the infection rate per pair of susceptibles and infectives.

R0 = β/(γ + µ) = avg. secondary infections/infected individual

“Coherence resonance”

Parameter regions for sustained oscillations
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Structure of the Model: Slow/Fast dynamics+ noise

dS = [µ(N − S) − β
N

SI] dt + g1(S, I)dW1 + g2(S, I)dW2

dI = [−γI +
β
N

SI] dt + g2(S, I)dW2 + g3(S, I)dW3

Gaussian approximation to the Poisson process, largeN , small∆t

N = 500, 000, µ ≈ .1, 5 < γ < 50, 1 < R0 < 10

Focus on fluctuations about equilibrium:

u = (S − Seq)/Seq, v = (I − Ieq)/Ieq, t → Ωt
0
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du
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2ε2 = µR0/Ω $ 1, b = O(1), gj $ 1

Structure of the Model: Slow/Fast dynamics+ noise

dS = [µ(N − S) − β
N

SI] dt + g1(S, I)dW1 + g2(S, I)dW2

dI = [−γI +
β
N

SI] dt + g2(S, I)dW2 + g3(S, I)dW3

Gaussian approximation to the Poisson process, largeN , small∆t

N = 500, 000, µ ≈ .1, 5 < γ < 50, 1 < R0 < 10

Focus on fluctuations about equilibrium:

u = (S − Seq)/Seq, v = (I − Ieq)/Ieq, t → Ωt
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Cts approximation to interacting individuals: 

Approx to Poisson increments: appear small



Comparison

PSD vs. frequency
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Full model vs. multiscale
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Another view: envelope equations

xtt = −ω2x + βxt − ax3 − bx2xt, β " 1

(Van der Pol/Duffing)

Modulation equations for amplitudes of oscillations:

A(T )cos ωt + B(T )sin ωt

T is a “slow” time : T = ε2t, ε " 1 .

ε typically related to the proximity to a transition point (β = ε2) and/or a

specific frequency ω

with P. Greenwood and L. Gordillo, JTB, 2007

Stochastic vdPol-Duffing model: 
Stochastic bifurcations/Lyapunov exponents

L. Arnold, Namachchivaya, Baxendale, 80’s, 90’s



First criterion: Multiple scales

Second criterion: Balance of
                       noise/dynamics
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What information do we have from criteria for CR?



Potential for large/nonlinear 
fluctuations on criteria edge

Nonlinear amplitude equations

Stochastic effects for low levels
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CRII in infectious disease:
Fluctuations in interacting populations not 
necessarily “small”, even for large populations

Loss of immunity increases range of CR

Hyper-infective strains

CR in Networks 
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• Noise “stabilized” transients

• Importance of multiple time scales

• Reduced systems for different scales

• Discrete and cts modeling significant

 Prevalence of CR:
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Figure 2: Behavior of (u, v) in (2.1) for D = 5× 10−6 shown in the phase plane (top) and time
series (middle) for b = .314. For b = .316 (bottom) the time series for u is the dash dotted line
for deterministic case D = 0, with stable small amplitude oscillations, and the solid line is for
D = 5 × 10−6.
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Mixed mode oscillations: CR 1 and II

Other routes:  noise + coupling in Type II: N. Yu, K.,  YX Li, 2008


