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 Growth and Form

Part 1: Introduction

Part 2: Modeling of growth

Part 3: Analysis of growth



 

 Part I. Introduction

1. Basic issues
✤Accretion & Volumetric growth
✤Stress   ⇒   Growth
✤Growth ⇒   Stress
✤Stress   ⇒   Growth ⇒ Stress

✤Mechanics & Instability



 

  Accretion and volumetric growth

Ref:   Cook, d’Arcy Thompson
         Skalak and Hoger (‘97) 

Accretion
Typical for hard tissues
 (seashells, horns, teeth, bones)



 

  Accretion and volumetric growth

Ref:   Cook, d’Arcy Thompson
         Skalak and Hoger (‘97) 

Accretion
Typical for hard tissues
 (seashells, horns, teeth, bones)

C(t)



 

  Accretion and volumetric growth

Ref:   Cook, d’Arcy Thompson
         Skalak and Hoger (‘97) 

Accretion
Typical for hard tissues
 (seashells, horns, teeth, bones) v(t)

C(t)



 

  Accretion and volumetric growth

Ref:   Cook, d’Arcy Thompson
         Skalak and Hoger (‘97) 

Accretion
Typical for hard tissues
 (seashells, horns, teeth, bones) v(t)

C(t)

C(t+Δt)



 

  Accretion and volumetric growth

Ref:   Cook, d’Arcy Thompson
         Skalak and Hoger (‘97) 

Accretion
Typical for hard tissues
 (seashells, horns, teeth, bones) v(t)

C(t)

C(t+Δt)



 

  Accretion and volumetric growth

Ref:   Cook, d’Arcy Thompson
         Skalak and Hoger (‘97) 

Accretion
Typical for hard tissues
 (seashells, horns, teeth, bones) v(t)

C(t)

C(t+Δt)



 

  Accretion and volumetric growth

Volumetric growth
Typical for soft tissues (heart, liver, muscles, arteries, tumours,...)



 

  Accretion and volumetric growth

Volumetric growth
Typical for soft tissues (heart, liver, muscles, arteries, tumours,...)



 

  Accretion and volumetric growth

Volumetric growth
Typical for soft tissues (heart, liver, muscles, arteries, tumours,...)

G describes the growth of a local volume element.



 

  Accretion and volumetric growth

Volumetric growth
Typical for soft tissues (heart, liver, muscles, arteries, tumours,...)

G describes the growth of a local volume element.

G

It is a linear map acting on the tangent space of our manifold.
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 Growth as a genetic problem

Kim, Cho ’06

Müller,  Handbuch der allgemeinen Botanik 1880



 

 Growth as a mechanical problem

Auxanometer

Sachs, 
Physiology of Plants 1887

Cramer-Bowman 1991
Maize leaves.
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Auxanometer

Sachs, 
Physiology of Plants 1887

Cramer-Bowman 1991
Maize leaves.

G = f(T)
.
G
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Pulling on neurons

G = f(T)
.

Growth from applied tension Growth rate

G
Ref: Lamoureux, Heidemann, 
Buxbaum  ‘89, ‘90, ‘91, ‘97, 
‘02 



 

 Stress ⇒ Growth: neurons

Pulling on neurons

G = f(T)
.

Growth from applied tension Growth rate

Elasticity G
Ref: Lamoureux, Heidemann, 
Buxbaum  ‘89, ‘90, ‘91, ‘97, 
‘02 
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  Stress ⇒ Growth: heart 

Stimuli for growth and remodeling
✤Growth to keep wall stress constant  

                                          σ∼2 PR/h
✤P increases (pressure overload)  h increases (thickening)
✤R increases (volume overload)    h increases (thickening)

Notion of homeostatic stress
✤The homeostatic stress T* is a preferred (target stress) for 

growth and remodeling.

G = f(T-T*)
.
G
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 Picture from Holzapfel-Ogden
Stimuli for growth

✤ Increase in pressure  Increase in thickness (Thoma 1893)
                  Normalize circumferential stress

✤ Increase in blood flow rate   Increase in diameter  (Thoma 1893) 
                  Normalize shear stress

✤ Increase in axial load  Increase in length
                   Normalize axial stress

Media-intima and adventitia

  Stress ⇒ Growth: arteries 



 

  Growth ⇒ Stress



 

G

  Growth ⇒ Stress



 

G

  Growth ⇒ Stress



Virtual stress-free configurationIntial reference configuration

Bo VG

 

  Growth ⇒ Stress
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  Growth ⇒ Stress: residual stress
 Differential growth

Green grows faster than red. 
So red is in tension, green is in compression 
This stress is called residual stress.

Rhubarb: Rheum rhabarbarum
Tissue tension Brucke 1848



 

  Growth ⇒ Stress: Rhubarb

  21.2 cm 

  19.5 cm 

  21.2 cm 

  19.5 cm   - 2-3%

  + 6 %



 

Before After

2kg 500g

Epidermis

Pith
“We have here the case of an elastic stiff body consisting of two parts, each in a high 
degree flexible and by no means stiff; only in their natural connection do the epidermal 
tissue and internal tissues together form an elastic rigid body.”     (Sachs, 1875)

  Growth ⇒ Stress: Rhubarb



 

  Growth ⇒ Stress: arteries

 Fung (the cover of his 1993 Biomechanics book)



 

  Growth ⇒ Stress: arteries

 Picture from Holzapfel-Ogden Fung (the cover of his 1993 Biomechanics book)



 

  Growth ⇒ Stress: arteries

 Picture from Holzapfel-Ogden



 

  Growth ⇒ Stress: arteries

 Picture from Holzapfel-OgdenRef: Humphrey (‘03)
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Experiment

L0

1.6 L0

1.3 L0

Adès et al. 1996

  Growth ⇒ Stress ⇒ Growth
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  Growth in the kitchen

See work by Marder-Roman-Swinney, 
                   Sharon-Efrati-Kupferman,
                   Boudaoud-Audoly ’02-’08

“I will refer only to the one 
obvious fact that while the 
pith is no longer able to 
grow in proportion, it 
becomes ruptured while a 
cavity arises in the 
interior. This may be 
easily  observed in the 
flower stems of the Teazel  
and Dandelion,…”

Sachs 1887

Stem pithiness
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  Growth in the kitchen

Mucosal folding in airways
Wiggs et al. ’97 (J. Appl. Physiol.)



 

 Part 2. Modeling growth

2. Modeling
✤Growth on the line
✤Kinematics of growth
✤Incompatibility
✤Mechanics
✤Elasticity
✤Stability
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Large deformations, material non-homogeneous, anisotropic, with 
nonlinear response and (often) residual stress, arising from growth

Length scales
Multiple length scales: 

✤Proteins (collagen, elastin) 
✤Fibers (protein assembly)
✤Tissues
✤Organs

Growth
Nonelastic deformation (an-elastic):
    Slow changes in the reference configuration with mass increase.

Morphogenesis
Changes in the position of tissues (typically without mass increase).

Remodeling
Evolution of material properties (density, moduli, viscous response,...)

Time scales
Multiple time scales: 

✤Elastic            10-3s 
✤Viscoeleastic   10-1-1s
✤Forcing          1-103s
✤Growth          105-107s



 

 Modeling growth on the line

l

L
∣∣∣∣
∂s

∂S

∣∣∣∣ = λ



 1. Kinematics

      e.g. homogeneous λ=l/L

 

 Modeling growth on the line

l

L
∣∣∣∣
∂s

∂S

∣∣∣∣ = λ



 1. Kinematics

      e.g. homogeneous λ=l/L

 2. Decomposition

 

 Modeling growth on the line

l

L

λ = αγ

∣∣∣∣
∂s

∂S

∣∣∣∣ = λ



 1. Kinematics

      e.g. homogeneous λ=l/L

 2. Decomposition

 3. Material law

 

 Modeling growth on the line

l

L

λ = αγ

∣∣∣∣
∂s

∂S

∣∣∣∣ = λ

∂α

∂t
= H(s, S, t; γ,σ)



 1. Kinematics

      e.g. homogeneous λ=l/L

 2. Decomposition

 3. Material law

 

 Modeling growth on the line

l

L

λ = αγ

∣∣∣∣
∂s

∂S

∣∣∣∣ = λ

∂α

∂t
= H(s, S, t; γ,σ)



 1. Kinematics

      e.g. homogeneous λ=l/L

 2. Decomposition

 3. Material law

 4. Growth law
 

 Modeling growth on the line

l

L

λ = αγ

∣∣∣∣
∂s

∂S

∣∣∣∣ = λ

∂γ

∂t
= G(s, S, t; γ,σ)

∂α

∂t
= H(s, S, t; γ,σ)



 1. Kinematics

      e.g. homogeneous λ=l/L

 2. Decomposition

 3. Material law

 4. Growth law
 

 Modeling growth on the line

l

L

λ = αγ

∣∣∣∣
∂s

∂S

∣∣∣∣ = λ

∂γ

∂t
= G(s, S, t; γ,σ)

∂α

∂t
= H(s, S, t; γ,σ)



 

 1. Kinematics of growth

      Let  X be a reference configuration of an elastic body 
and  x the current configuration after growth.

X
x=χ(X,t)χ

Let F=Grad(χ) be the geometric deformation tensor. 
Fundamental assumption of morpho-elasticity

 


 
 
 
 F=AG

where G and A are, the GROWTH and ELASTIC deformation tensors.  

 



 

 1. Kinematics

Virtual stress-free configuration

V

G A

Fr

F

B

Loaded and residually 
stressed configuration

Initial stress-free 
reference configuration

Bo
χ

Ref: Decomposition introduced in elasto-plasticity (Kroner, ’60, Lee, ‘69), polymer swelling 
(’42), thermodynamics (Eckart ’48), Rodriguez et al (‘94). 

Decomposition: F=AG   G: Growth deformation A: elastic deformation.



 

 1. A simple example
Back in Flatland
Consider an elastic ring in the plane

Grow the ring but only in the angular direction
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gr 0
0 gθ

)
=

(
1 0
0 gθ
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 1. A simple example
Grown ring is stressed.

We can view it as collection of pieces

We can view it as a non-flat three dimensional object

We can view it as multivalued cut ring



 

 1. Kinematics

Virtual stress-free configuration

V

G A

Fr

F

B

Loaded and residually 
stressed configuration

Initial stress-free 
reference configuration

Bo
χ

Ref: Decomposition introduced in elasto-plasticity (Kroner, ’60, Lee, ‘69), polymer swelling 
(’42), thermodynamics (Eckart ’48), Rodriguez et al (‘94). 

Decomposition: F=AG   G: Growth deformation A: elastic deformation.
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Balance of mass
V

Balance of linear momentum

Balance of angular momentum

Slow growth approximation
Growth time scales much longer than
forcing, viscous, or inertial terms.

dρ

dt
+ ρ div(v) = 0

div(T) + ρB = ρ
dv
dt

TT = T

  2. Mechanics        



T = A
∂W

∂A
(A)

 

v

Balance of mass
V

Balance of linear momentum

Balance of angular momentum

Elasticity

Slow growth approximation
Growth time scales much longer than
forcing, viscous, or inertial terms.

dρ

dt
+ ρ div(v) = 0

div(T) + ρB = ρ
dv
dt

TT = T

Constitutive relationship

        T=H(A)

Hyperelastic materials

W=W(A): strain-energy density 

  2. Mechanics                                        3. Elasticity



Fung model
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 4. Stability
We consider incremental deformation superimposed on the finite 
deformation.

 Finite deformation Incremental deformation ε<<1

F(
0) !F(1)

Finite 

deformation

Incremental

deformation

The deformation tensor



G

!A(1)

A(0)

A(0)

A(0)

!A
0

(1)

F(0)

F(0)

F(
0)

!F(1)

A
A

Finite 

deformation

Incremental

deformation

G

Final

configuration

 

 4. Stability (Anelastic)

F



 

The Cauchy stress tensor

 

where

Instantaneous elastic moduli Pressure
Second derivative of W w.r.t. A

el

The linearized equation is then 

€ 

div(T(1)) = 0 + Boundary Conditions

F(1) F(1)

To first order, the incremental stress tensor is

The deformation tensor

 4. Stability



 

 Part 3. Analysis of growth

3. Consequences
✤Dynamics
✤Bifurcation
✤Instability



 

 Dynamics

Homogeneous growth
✤Considering homogeneous diagonal deformations

Systems of 9 ODEs for the tensors G, A, T (24 in general) 
Predict the evolution of stresses, growth, and strains.

Kinematics 
 
 3

Growth law
 
 3

Response function
 3

Boundary conditions
 3
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µ=E/6: Modulus
K: growth rate
T*: Homeostatic stress
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  Dynamics: example

µ=E/6: Modulus
K: growth rate
T*: Homeostatic stress

γ

γ

F*



(
γ̇x

γ̇z

)
= K

(
Tx − T ∗

x

Tz − T ∗
z

)
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A two-dimensional example



 

  Bifurcation: Cavitation



Fond 2001 Int. J. Polym. Sci. B
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Ref: Ball (’82)



 

  Bifurcation: Cavitation



Fond 2001 Int. J. Polym. Sci. B

a

Pc=5E/6

Pc

Ref: Ball (’82)

Problems:
1. Topologically unstable


 W=Wnh+ε λn  with n>2



 

  Bifurcation: Cavitation



Fond 2001 Int. J. Polym. Sci. B

a

Pc=5E/6

Pc

Ref: Ball (’82)

Problems:
1. Topologically unstable


 W=Wnh+ε λn  with n>2
2. No cavitation in neo-

Hookean cylinder 



 

  Bifurcation: Cavitation



a

Pc=5E/6

Pc

Ref: Ball (’82)

Problems:
1. Topologically unstable


 W=Wnh+ε λn  with n>2
2. No cavitation in neo-

Hookean cylinder 

Schizengenous 
aerenchyma

Ref: AG & Vandiver (’09)



 

Consider the elastic growth of an elastically isotropic incompressible 
spherical shell

We have

€ 

B =  
r' 0 0
0 r /R 0
0 0 r /R
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Anisotropic growth
✤Area growth (gr=1, gθ>1) creates tensile radial stress
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Anisotropic growth
✤Area growth (gr=1, gθ>1) creates tensile radial stress
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Anisotropic growth
✤Area growth (gr=1, gθ>1) creates tensile radial stress

Cavitation occurs for arbitrarily small values of gθ

  Bifurcation: Cavitation



I1 = tr(C)
I4 = C : M⊗M
I6 = C : M′ ⊗M′

C = AT · A

 

 Model
Double cylinder with residual stress 
under loads and pressure

 Elastic model (Holzapfel)
✤Two layers: NeoHokean with 

stiffening (Fung) fibers

Media-intima     adventitia

 Instability: arteries

W =
µ

2
(I1 − 3) +

k1

2ν

∑

n=4,6

(
eν(In−1)2 − 1

)

MM’

Right Cauchy-Green tensor



 

Axial growth

Radial growth
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 Instability: arteries
 Neo-Hookean model of arteries Experimental curves
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 Instability: arteries
 Experimental curves
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Axial stretch for fixed tension,
varying pressure
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Jackson et al. 2005

No residual stress

Ref: Vandiver & AG (preprint ’09)



 

   Summary       &       Perspectives

 1. Morpho-elasticity
✤ Stress ⇔ Growth
✤ Nonlinear elastic response
✤ Anelastic response
✤ Conceptual framework
✤ Computational framework

mucosal folding,
  Yang et al. (‘07) 

Buckling of arteries Jackson (’05),

Stem rigidity
Vandiver & AG (08)

Stem hollowing
Vandiver & AG (09) (Gatenby) 

e1e2
k

Growing plates
Mc Mahon, Tabor & AG

Helical growth
Atlas Actinomycetes
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Tip growth 
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Solid tumors 

 2. Methods
✤ Long-time dynamics
✤ Bifurcation & Stability
✤ Pattern formation

 3. Theory
✤ Differential geometry
✤ Growth laws
✤ Coupling (diffusion,...)
✤ 1D morphoelasticity
✤ 2D morphoelasticity


