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count
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invariant sets
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late 20th c.

Conley

Floer

useful! experimental data analysis, biology, PDEs, …
computable! good algorithms for Conley homology

Mischaikow + 

computation is a challenge!
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Homology

Count

Local-to-Global Algebra
Cancel

exact sequences

functoriality

excision

gluing
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given node id’s, local communication links

count nodes & cancel via signal connectivity

C0  ←  C1  ←  C2  ←  C3  ← ...
[nodes] [pairs] [triples] [quads]

homology converts local higher-order network connectivity into global structure...

the flag complex of a network
is the maximal simplicial completion

[1-d network]

[flag complex]

[environment]

[H1  generator]

...without the need for coordinates; density assumptions; uniform distributions, etc.

networks and complexes
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1. compact polygonal domain D in R2 

2. nodes broadcast unique id’s to neighbors

3. coverage regions of a 2-simplex of connected nodes contain the convex hull

4. dedicated fence cycle defines ∂D

F

coverage assumptions
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domain without gaps if there exists [α] in H2(R ,F) with ∂α≠0
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H2(R ,F) H1(F)

H2(R2,∂D) H1(∂D)

H2(R2-p,∂D)

∂*

∂*

σ*   ≈σ*=0

proof:  build a commutative diagram of homology groups

map σ:(R ,F)→(R2,∂D) convex hulls of simplices

if p lies in D-σ(R), then the left passes through zero 
commutativity of diagram yields a contradiction

intuition: [α] “triangulates” the domain with covered simplices

homological coverage
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distributed algebraic algorithms…

bonus: subgradient methods yield 
sparse generators for homology…
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Given a sequence of updates
to network graph (not too
coarse; keep boundary fixed)

Construct complexes

Ri,   i=1...N

coverage: dynamic

There is a natural way to “amalgamate”
or stitch these complexes together to 
build a “hocolim” that admits a homological criterion for capture...

Theorem [DG]: there are no evaders in the 
mobile network if the homotopy colimit satisfies 
the homological coverage criterion

([α] in H2 with ∂α≠0 on F)



moral

Homological Coverage



moral

Homological Coverage

a network is the skeleton of   
higher order structure…



moral

Homological Coverage

a network is the skeleton of   
higher order structure…

C0 C10←∂ ←∂



moral

Homological Coverage

a network is the skeleton of   
higher order structure…

C0 C10←∂ ←∂ C2 C3←∂ ←∂ ←∂



moral

Homological Coverage

a network is the skeleton of   
higher order structure…

C0 C10←∂ ←∂ C2 C3←∂ ←∂ ←∂



moral

Homological Coverage

a network is the skeleton of   
higher order structure…

C0 C10←∂ ←∂ C2 C3←∂ ←∂ ←∂



Acts 3,4,5
Deleted Scenes

homological methods in networks…
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Cw

= 0

= 0

Hd(R s,Fs) Hd-1(Fs)

Hd(R m,Fm) Hd-1(Fm)

∂*

∂*

i*i*

Hd(R s)

Hd(R m)

j*

j*

i*

Hd(R w,Fw) Hd-1(Fw)
∂*

i*i*

Hd(R w)
j*

i*

the proof of a theorem I won’t state…
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∫ h dχ 



topology

dynamics

stochastics

summary
Homological Nets



fin
Closing Credits

These examples of algebraic topology in place of network topology 
brought to you via collaboration with

Homological Coverage

Euler Integration
V. de Silva

Y. Baryshnikov

...and via the generous support of

Persistence
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the sermon
Technology Flow

Consider the flow of techniques from mathematics to engineering/science

1969: Smale

1983: Guckenheimer & Holmes
invariant manifolds are owned by mathematics

invariant manifolds belong to applied mathematics

2000s: (too many to name…)
invariant manifolds reside in engineering departments

Prime example: invariant manifolds in the USA

Prediction: homological methods are on the same trajectory
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