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given node id’s, local communication links C [H, generator]

count nodes & cancel via signal connectivity

CO «— C’I «— C2 «— C3 — [flag complex]

[nodes] [pairs] [triples]  [quads]

definintion [1-d network]

the flag complex of a network
s the maximal simplicial completion

[environment]
homology converts local higher-order network connectivity into global structure...

...without the need for coordinates; density assumptions; uniform distributions, etc.
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Theorem [DG]: under above assumptions, the sensor network covers the
domain without gaps if there exists [o(] in H,(R F) with dax#0

intuition: [&] “triangulates” the domain with covered simplices

proof: build a commutative diagram of homology groups
map o:(R .F)—(R2,8D) convex hulls of simplices

0.
 HRF)
H,(R%-p,dD)=0 |o. 0. lz

T H,(Re,8D) 2 H,(oD)

if p lies in D-a(R), then the left passes through zero
commutativity of diagram yields a contradiction







The relative condition really is necessary




The relative condition really is necessary




The relative condition really is necessary

Not an if & only if statement: provides a certificate




coverage: remarks

The relative condition really is necessary

Not an if & only if statement: provides a certificate







Computation via PLEX [de Silva, 2006]




coverage: example

Computation via PLEX [de Silva, 2006]




coverage: example

Computation via PLEX [de Silva, 2006]




coverage: exam

Computation via PLEX [de Silva, 2006]







question: is the cover redundant?




question: is the cover redundant?

idea: choose a minimal generator
[a]in Hy(R F)




. coverage. power

question: is the cover redundant?

idea: choose a minimal generator
[a]in Hy(R F)




. coverage. power

question: is the cover redundant?

idea: choose a minimal generator
[a]in Hy(R F)




. coverage. power

question: is the cover redundant?

idea: choose a minimal generator
[a]in Hy(R F)

Corollary: [DG] nodes implicated
in generator of H,(R ,F)

suffice to cover domain




question: is the cover redundant?

idea: choose a minimal generator
[a]in Hy(R F)

Corollary: [DG] nodes implicated
in generator of H,(R ,F)
suffice to cover domain

coverage: power




question: is the cover redundant?

idea: choose a minimal generator
[a]in Hy(R F)

Corollary: [DG] nodes implicated
in generator of H,(R ,F)
suffice to cover domain

coverage: power

question: how to fix the holes?

idea: choose a generating set

{locJ3 for H,(R ) where |ot|=N.




question: is the cover redundant?

idea: choose a minimal generator
[a]in Hy(R F)

Corollary: [DG] nodes implicated
in generator of H,(R ,F)
suffice to cover domain

coverage: power

question: how to fix the holes?

idea: choose a generating set

{locJ3 for H,(R ) where |ot|=N.




coverage: power

question: is the cover redundant?

idea: choose a minimal generator
[a]in Hy(R F)

Corollary: [DG] nodes implicated
in generator of H,(R ,F)
suffice to cover domain

question: how to fix the holes?

idea: choose a generating set
{Joc]3 for H,(R ) where |ox|=N.

Theorem: [DG] expanding r, at the
nodes «; of to the value

/21, ¢sc (TT/N))

suffices to cover domain




coverage: power

question: is the cover redundant?

idea: choose a minimal generator
[a]in Hy(R F)

Corollary: [DG] nodes implicated
in generator of H,(R ,F)
suffice to cover domain

question: how to fix the holes?

idea: choose a generating set
{Joc]3 for H,(R ) where |ox|=N.

Theorem: [DG] expanding r, at the
nodes «; of to the value

721, csc (TT/N)

suffices to cover domain







question: is the computation distributable?




question: is the computation distributable?

( Mrozek et al. y,




question: is the computation distributable?

( Mrozek et al. Y,

distributed algebraic algorithms...




. coverage: distributed

question: is the computation distributable?

use dynamics... ( Mrozek et al. Y,

distributed algebraic algorithms...




. coverage: distributed

question: is the computation distributable?

use dynamics... ( Mrozek et al. Y,

0 0
0« Co « C1 distributed algebraic algorithms...




coverage: distributed

question: is the computation distributable?

use dynamics... ( Mrozek et al. Y,

0<.c, &
R

0 0 0
C, ;_,CZ ;_,CB ;_, distributed algebraic algorithms...




coverage: distributed

question: is the computation distributable?

use dynamics... Mrozek et al.

distributed algebraic algorithms...

Laplacian: £ =9"0 + 90"




coverage: distributed

question: is the computation distributable?

use dynamics... Mrozek et al.

distributed algebraic algorithms...

Laplacian: £ =9"0 + 90"
Hodge theory: ker(L,)=H,




coverage: distributed

question: is the computation distributable?

use dynamics... Mrozek et al.

distributed algebraic algorithms...

Laplacian: £ =9"0 + 90"
Hodge theory: ker(L,)=H,




X coverage: distributed

question: is the computation distributable?

use dynamics... Mrozek et al.

0 0
0 ;C ;C ';_’Cz ‘;_’CB ;_, distributed algebraic algorithms...

Laplacian: £ =9"0 + 90"
Hodge theory: ker(L,)=H,

-
dc
Egerstedt & Muhammad el L, c(t)

dynamics of heat flow is \. J
globally asymptotically stable iff H, = 0




X coverage: distributed

question: is the computation distributable?

use dynamics... ( Mrozek et al. Y,

0 0
0 ;C ;C ;_’Cz ;_,C3 ;_, distributed algebraic algorithms...

Laplacian: L =0"0 + do*
Hodge theory: ker(L,)=H,

-
dc
Egerstedt & Muhammad el L, c(t)

dynamics of heat flow is \. J
globally asymptotically stable iff H, = 0

Jadbabaie & Tahbaz-Salehi

distributed (“gossip”) algorithms to compute ker L




X coverage: distributed

question: is the computation distributable?

use dynamics... ( Mrozek et al. Y,

0 0
0 ;C ;C ;_’Cz ;_,C3 ;_, distributed algebraic algorithms...

Laplacian: L =0"0 + do*
Hodge theory: ker(L,)=H,

-
dc
Egerstedt & Muhammad el L, c(t)

dynamics of heat flow is \. J
globally asymptotically stable iff H, = 0

Jadbabaie & Tahbaz-Salehi

distributed (“gossip”) algorithms to compute ker L




X coverage: distributed

question: is the computation distributable?

use dynamics... ( Mrozek et al. Y,

0 0
0 ;C ;C ;_’Cz ;_,C3 ;_, distributed algebraic algorithms...

Laplacian: £ =9"0 + 90"
Hodge theory: ker(L,)=H,

-
dc
Egerstedt & Muhammad el L, c(t)

dynamics of heat flow is \. J
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, MS13
use dynam|cs Minitutorial - Distributed Control and Coordination Algorithms

Organizer: Francesco Bullo

O 4— C {— C 4— University of California, Santa Barbara

W y} W Jorge Cortés
University of California, San Diego

Laplacian: £ =9"0 + 90"
Hodge theory: ker(L,)=H,
-

N
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dynamics of heat flow is \. J
globally asymptotically stable iff H, = 0
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distributed (“gossip”) algorithms to compute ker £ sparse generators for homology...
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Given a sequence of updates
to network graph (not too
coarse; keep boundary fixed)

Construct complexes

R, i=1.N

There is a natural way to “amalgamate”
or stitch these complexes together to
build a “hocolim” that admits a homological criterion for capture...

Theorem [DG]: there are no evaders in the @

mobile network if the homotopy colimit satisfies
the homological coverage criterion

(I] in H, with 00 on F) ’4“_3
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higher order structure...

0 C,<C.

2

2

e

3

0
4_




Deleted Scenes

homological methods in networks...




teaser




teaser

Persistence

the proof of a theorem | won't state...




@
A
—,

o
N
=>

Persistence

the proof of a theorem | won't state...

Js

] Hd(R s’ Fs)

i




teaser




teaser

Sheaf Integration




Sheaf Integration

©0000606060606060600606006060000600000.00.0.0
©000000000060060606060600000606060606000
0 00000600060060006060600060600000.0.0.0.0
0000 00600000006060660000606060600600.00
00 000060600000606060000006000000.0.0.0.0
© 000006 00000000000000606060600060.0.0
0 0006 0600000000000000060000000.0.0
0000060000000 0000000000000000.0
0 0 0.000000000000000000000000.0.0
© 0000060000000 e0ee000000000000.60.0
©000006e0000006ee606e00000000000.0.0
000000 6000000000666 0000000000.0
006 000ee000006e60ee606000060600000.0.0
000000 6060000000006 0600006000000
©00000ee000006e000eee0000006060000.0.0
00000006 00000e00e6e0e0e06000000000000
006 000e00006eeee00e0e6e060000000000.0.0
0000000000000 000660000000000.0.0
0 0600000006006e0000600000000000.0.0
0000006000000 00e66000000000060.0.0
©00000e6e000000e6e.000600000060.0.0.0
0000060000000 e00066000000000
0000606060 00000006e0e.0060600000060.0.0.0.0
0000006060 000000000000000000.00.0
© 0.0000ee0060600000000000000600.0.0.0.0
0000000006 000000000000000000000
0.0.0.00000606000000000000060e000.00.0.0
000000000 0600000000000000000.00
© 0.0.0000006060.0060000006000000.0.0.0.0
Q.QOOOOOC.O‘.OOO..Q.Q.QOQ.C.........0.......0.0........‘Q..
000000000000 0CO0O0COCOOCOCDCOOCODODODOD0OODO










summary
Homological Nets

stochastics )

dynamics

topology |




Closing Credits

These examples of algebraic topology in place of network topology
brought to you via collaboration with

Homological Coverage

Persistence
V. de Silva

Euler Integration

...and via the generous support of @

Y. Baryshnikov
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Consider the flow of techniques from mathematics to engineering/science
Prime example: invariant manifolds in the USA

John Guckenheimer

1969: Smale s

Applied i
Mathematical Nonllnear

Sciences Oscillations,

invariant manifolds are owned by mathematics % Dynamical
S :
ar);gtg?fhsrcations

1983: Guckenheimer & Holmes o Veclor Fieds

invariant manifolds belong to applied mathematics

2000s: (too many to name...)

invariant manifolds reside in engineering departments

Prediction: homological methods are on the same trajectory
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