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1. INTRODUCTION: STABILITY OF TRAVELING WAVES

The subject of this article is the stability of traveling pulses in reaction-diffusion equations
u = Dug, + f(u), (1.1)

where x € R, u € R", and D > 0 is diagonal. Specifically, we will discuss intrinsic criteria
for stability—that is, features of a wave (or its ambient phase space) that explain why it is
stable or unstable. Such criteria are important for two reasons. First, proving that a wave
is (un)stable entails finding eigenvalues of a differential operator, which is generally a hard
task. Using information from a wave’s construction to assess its stability can make that task
considerably easier. Second, by relating stability to wave properties, we gain a much deeper
understanding of what drives a structure to be stable or unstable. Since stable structures
tend to be the ones that we observe in nature, intrinsic criteria for stability are critical for
understanding things like natural pattern formation.

Our goal herein is to explain how and why wave features relate to the eigenvalue equation
that determines stability. From there, we will briefly introduce the tools that capture the
relevant wave features. We will then close by specializing to the case of singularly perturbed
systems, which are particularly suitable to analysis by these techniques. As an example,
we will introduce a new mechanism for destabilizing fast traveling waves in the FitzHugh-
Nagumo system. We begin with a few definitions and a statement of the eigenvalue problem.

A traveling pulse is a solution @ to (1.1) of one variable z = x — ¢t, which travels in one
direction with fixed profile and speed c. To be a pulse, we also require that u(z) decays
exponentially as z — £00 to a constant value u,. Writing (1.1) in a moving frame, we
see that a traveling pulse u(z) is a fixed point (i.e., a time-independent solution) for the
evolution equation

uy = Du,, + cu, + f(u). (1.2)

The definition of (asymptotic) stability matches our intuition from finite-dimensional dy-
namical systems: if u(z,t) is another solution to (1.2) whose initial profile is close to u(z),
then its profile must approach that of u as t — oco. Likewise, the strategy for proving stabil-
ity emulates the finite-dimensional case. One typically begins by proving spectral stability,
which is to say that the spectrum of the linearization of (1.2) about @ is contained in the
left half-plane. The next step is to prove that spectral stability implies nonlinear stability
(via linear stability). Although this latter step is more complicated for PDEs, it is generally
understood how to achieve this, e.g. [16].

We therefore focus our attention on the eigenvalue equation

AP = DP,, + cP, + f'((z))P := LP. (1.3)
1
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In particular, the goal is to find all values A € HT := {z € C : Rz > 0} such that (1.3) has
a bounded solution P : R — C". To tackle this problem, we introduce ) = P, to convert
(1.3) to a first-order system

Y/(2) = ( g ) _ ( R —Of’(a(z))) o > < g ) — AN Y (2).  (14)

Notice that there is a well-defined limit
AN) = lim A(\, 2), (1.5)
z—+o00

which is also achieved exponentially quickly. Viewing (1.4) as a perturbation of the constant
coefficient system Y'(z) = A(A)Y (z), it stands to reason that the stable and unstable sub-
spaces of A(A) would play a prominent role in the dynamics of (1.4). This is indeed the case,
provided that A()) has no eigenvalues of zero real part. For simplicity, we assume:

For all A € H", A()\) has exactly n eigenvalues each of positive and negative real part.
Under this assumption, one can show (e.g., [1, §3]) that, for all A € H*, there exist sets
E*(\ z) ={Y(2) € C* : Y (2) solves (1.4) and Y (2) — 0 as z — oo}
E"(\, 2) ={Y(z) € C* : Y (2) solves (1.4) and Y (2) — 0 as z — —oo},
which contain all solutions to (1.4) that are bounded in forward and backward time respec-
tively. These sets are called the stable and unstable bundles. One should think of them as
the set of solutions of (1.4) satisfying the right and left boundary conditions respectively.

Since (1.4) is linear, each of E*/*(), z) is a vector space (of dimension n) for fixed A, z. The
solutions are real if A € R. This allows us to restate the eigenvalue condition:

Definition 1. A € H*is an eigenvalue for (1.3) if and only if E*(\,2) N E*()\, 2) # {0}
for some (hence all) z € R.

(1.6)

In principle, one could study (1.3) or (1.4) independently of (1.2). However, (1.4) is
non-autonomous, and the generic exponential growth of solutions complicates numerical
calculations. (Not to mention that there are uncountably many potential eigenvalues to
check!) There is also something unsatisfying about focusing entirely on (1.3). Suppose that
you show that A = 7 is an eigenvalue, so u is unstable. While that may solve this problem, it
doesn’t give any indication as to how to solve the next eigenvalue problem. More importantly,
solving (1.3) for A = 7 does not give any indication as to why « is unstable.

Instead, our goal is to consider (1.2) and (1.3) jointly. To that end, we first observe that
U, solves (1.3) with A = 0:

0= D, + cu, + f(4) = 0= Di,,, + ci,, + f'(u(2))u.(z) = La, (1.7)

Furthermore, 4, satisfies the boundary conditions, so A = 0 is an eigenvalue, and (4., 4,,) €

E"(0,2) N E*(0,2). We call A =0 the translation eigenvalue because it reflects the fact that
u(z + k) is also a traveling wave solution of (1.2) for any k € R.

To take this a step further, we can write the traveling wave ODE as a first order system
by setting u; = 0 and u, = v in (1.2):

( Z ) - ( —D‘l(cg+f<u>> ) ' (1.8)



INTRINSIC CRITERIA FOR THE STABILITY OF TRAVELING WAVES 3

Written this way, the traveling pulse ¢(z) := (4, @) is a homoclinic orbit to the fixed point
p = (Us,0) € R*™™. By definition, this means that ¢(z) € W¥(p) N W*(p) for all 2 € R.
Consequently, ¢'(z), which we already know lies in the intersection E*(0, z) N E*(0, z), must
be tangent to W*(p) and W#*(p). It is easy to show that the following, stronger result is true.

Theorem 1.1. The unstable bundle E*(0, z) is the tangent space T,,,)W*"(p) to the unstable
manifold W*(p) at each point p(z). Likewise, E*(0,2) = T,.,W*(p) all along ¢.

This theorem is one way of stating the fact that (1.4) is the equation of variations for (1.8)
when A = 0.

2. THE EVANS FUNCTION AND MASLOV INDEX: A CRASH COURSE

There is a famous tool for finding eigenvalues, originally due to Evans [9, 10, 11, 12]. The
stable and unstable bundles are each n—dimensional vector spaces (for fixed A, z), and (1.4)
is defined on C?". By taking bases for each space, one can therefore check for intersections
(i.e., eigenvalues) by evaluating the Wronskian determinant

det [E* (), 2), E*(\, 2)]. (2.1)

If this determinant vanishes for some A = A, then E%(\,, z) N E*(\, z) # {0}, hence \, is
an eigenvalue. This determinant is essentially the Evans function. To make the definition
rigorous, one can consider the equation induced on exterior powers of C*" by (1.4). For
the details, we refer the reader to [1]. Although (2.1) appears to be z—dependent, this
dependence can be removed easily by using Abel’s formula. As result, one obtains a function
D(M\)-the Fvans function—which satisfies the following properties.

(1) D()) is analytic on a domain D containing H* and D()\) € R for all A € RN D.

(2) Zeros of D correspond to eigenvalues in (1.3).

(3) The multiplicity of A as a root of D equals the algebraic multiplicity of A as an
eigenvalue.

The value of the analyticity of D(\) is that the argument principle can be used to count
unstable eigenvalues. If K is a simple, closed loop containing all potentially unstable eigen-
values in its interior, then the winding number of D around K gives a count of eigenvalues
inside K, thus informing the stability of the traveling wave 4(z). This procedure does,
however, involve varying A, so it is not directly tied to the traveling wave equation itself.

As is the case for fixed points of vector fields, only one unstable eigenvalue is needed to
prove instability of a traveling wave 4. The following argument is frequently used to prove
the existence of at least one unstable eigenvalue. As observed earlier, A\ = 0 is necessarily an
eigenvalue. It follows that D(0) = 0 as well. Moreover, it is easy to show that D(\) > 0 for
real A > 0. Therefore, if D'(0) < 0, then there must exist some A > 0 for which D(\) = 0.

The Evans function parity argument just described explains why the value A = 0 is
particularly important from the spectral theory perspective. Theorem 1.1 explains why it is
important from the dynamical systems perspective as well. Because (1.4) with A = 0 is the
equation of variations for (1.8), it is possible to relate the sign of D’(0) to changes in invariant
manifolds of (1.8) as parameters are varied. In the case of traveling waves, this parameter is
most often the speed c¢. Below we will discuss fast traveling waves in the FitzHugh-Nagumo
model, which is the quintessential application of this idea.
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We just saw that phase space geometry provides a binary piece of information that relates
to wave stability. The next question is whether we can glean more information from the
traveling wave equation. This leads us to the Maslov index. To introduce the Maslov index,
we change perspective slightly and consider the unstable bundle E*(0, z) as a curve in the
Grassmannian Gr,(R?*") of n—dimensional subspaces of R*". This space is a manifold, so
one can talk about the homotopy class of curves.! Specifically, we would like to use the
topology of Gr,(R*") to get better estimates on the count or location of eigenvalues.

Unfortunately, 71 (Gr, (R*")) = Z/2Z for n > 2, so there is not any new information beyond
the parity result that we already have from the Evans function, in general. However, there
is a submanifold of Gr, (R?") whose topology is more amenable to our analysis. This is the
set of Lagrangian subspaces A(n), which are those subspaces that are their own symplectic
complement for a fixed symplectic form w defined on R?". Tt happens that 7 (A(n)) = Z,
so it is possible to assign a winding number to curves in this space. This winding number is
the Maslov index.

The problem is then to prove that A(n) is an invariant submanifold for the equation
induced on Gr,(R**) by (1.4). In order for this to be the case, (1.2) must be either a
gradient or skew-gradient system, which to say that the nonlinearity f(u) is an invertible
diagonal matrix times a gradient [5, 6].> For such systems, the Maslov index measures the
winding of the unstable bundle E*(0, z) in the tangent bundle above the wave. Since the
unstable bundle is everywhere tangent to the unstable manifold W*(p), it can be thought
of as the (signed) number of twists that W*(p) makes as it evolves along 4. One can show
that this index either gives an exact count or a lower bound on the number of real, positive
eigenvalues for (1.3). See [5, 6, 17] and references therein.

The application of the Maslov index in this context can be thought of as a generalization
of Sturm-Liouville theory to systems. For (1.1) with n = 1, the latter says that eigenvalues
are real and simple, hence enumerable as \g > A; > .... Moreover, the eigenfunction
corresponding to A; has exactly j zeros. Using the fact that 4, is a 0—eigenfunction, one can
therefore detect how many eigenvalues lie to the right of 0 by counting zeros of 4,. Viewing
(@, ) in the phase plane and using Theorem 1.1, it is clear that this is precisely the winding
of the unstable bundle. The challenge in moving to systems is that there are other solutions
in E*(0, z), hence the winding is occurring in a higher-dimensional place, namely A(n).

3. GEOMETRIC SINGULAR PERTURBATION THEORY

The focus of this article so far has been relating phase space geometry to stability indices—
sign D'(0) and the Maslov index. We have not yet mentioned the issue of obtaining the
needed information from phase space. Indeed, this task is not trivial. In both cases, we
need to follow an invariant manifold as it evolves along a homoclinic orbit. One class of
problems for which such information is obtainable is singularly perturbed equations. We can
use Geometric Singular Perturbation Theory (GSPT) to get a very accurate picture of the

1E“(O, z) is not actually a loop, but this detail can be smoothed over using the dual notions of intersection
and winding numbers [2, 4, 25]. It is actually through intersections, and not winding, that the eigenvalue
equation is related to the Maslov index.

2In recent work [3], we showed how a Maslov-type index can be defined for a dense subset of Gr,, (R>").
This significantly broadens the class of systems that could be analyzed.
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relevant invariant manifold. There is a long history of applications of the Evans function
in singularly perturbed equations. A general framework for calculating the Maslov index in
singularly perturbed equations was established in [7]. See [8] for a recent application to a
higher-dimensional system.

Rather than giving a general overview of GSPT, we will instead apply it to the FitzHugh-
Nagumo (FHN) model, which is the example we discuss in further detail in the next section.
For more background on theory, we refer the reader to [13, 18, 23|. Readers who are familiar
with GSPT and the FHN model may skip to the next section. The traditional FitzHugh-
Nagumo model is the following system of equations:

Up = Ugy + fu) —w (3.1)
wy = e(u — yw).
The nonlinearity f is given by f(u) = u(l —u)(u — a), with 0 < a < 1/2 fixed. We assume
that 7 > 0 is small enough so that the only homogeneous fixed point of (3.1) is (u, w) = (0, 0).
Finally, we assume 0 < ¢ < 1, making (3.1) singularly perturbed. The reader will notice
that (3.1) is not of the form (1.1) because there is no diffusion on the second variable. This
simply reduces the dimension of phase space from 4 to 3 when we cast the traveling wave
ODE as a first-order system:

v = —cw+w—f(u) |. (3.2)
w ) —£(u —yw)

As for the stability problem, the Evans function theory is unchanged. We cannot, however,
use the Maslov index when the dimension of phase space is odd. The Maslov index does
apply if w is allowed to diffuse at the same rate as u, cf. [6, 7].

Sending € — 0 in (3.2) turns w into a parameter. This results in a one-dimensional set of
critical points (i.e., a center manifold):

My = {(u,v,w) : v =0,w = f(u)}. (3.3)

Away from these critical points, the dynamics of (3.2) with ¢ = 0 and ¢ > 0 will be sim-
ilar. However, on or near My—where the vector field in (3.2) is O(e)-the situation is more
complicated. For example, only the point 0 := (u,v,w) = (0,0,0) is a fixed point for € > 0.

To see what happens in the vicinity of M,, we change timescales by setting £ = €z and

denoting "= d%:
EU v
ev | = —cv+w—f(u) |. (3.4)
w —L(u—yw)
Sending € — 0 in (3.4) yields a differential-algebraic equation where the flow is given by
1
W= ——(u—w), (3.5)
c

and it is restricted to the set My. Formally, we therefore have the picture that the “fast”
system (3.2) connects different points on My, and then the “slow” system (3.4) takes over
on My. Shortly, we will construct a traveling pulse of (3.1) as a homoclinic orbit consisting
of concatenated fast and slow segments.
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w

FIGURE 1. The singular orbit, which is O(e) close to a traveling pulse solution
of (3.1). In order, it consists of a (green) fast jump from the origin to u = 1,
a (red) trip up the right slow manifold M a (green) fast jump back to ML
and a (red) return to the origin along MZ~.

Broadly speaking, the goal of GSPT is to reconcile the behavior of the fast and slow
systems when € > 0. In our case, that amounts to showing that a singular homoclinic orbit
consisting of four segments glued together persists when ¢ is turned on. We now describe
the singular orbit that forms the template of the traveling pulse.

The first segment is a “fast jump” in uv—space. Concretely, it is a heteroclinic orbit
connecting (u,v) = (0,0) to (1,0). Such a connection exists only for speed

c=c :=2(a—-1/2) <0, (3.6)

cf. [24]. The next segment is slow, occurring on M{*~the right branch of the cubic w = f(u)
on which f’(u) < 0. Since ¢ < 0, and u > yw for u on ME, we see from (3.4) that the flow
is in the direction of increasing w. Eventually, we reach a point (u*, w*) for which another
heteroclinic orbit exists in the fast system. Using the symmetry of the cubic f, one can show
that this jump occurs at

(u*,w*) = ((2/3)(a + 1), f(u)). (3.7)
Finally, there is a slow segment on MZ—the left branch of M, on which f/(u) < 0-that
returns the pulse to the fixed point 0. A more detailed account of this construction can be
found in many places, e.g. [21]. See Figure 1 for a picture of the singular orbit.

GSPT provides the geometric tools for showing that the singular orbit above perturbs
to an € > 0 traveling pulse of (3.1). It does so by giving persistence results for invariant
manifolds, which can be shown to intersect in such a way that yields a homoclinic orbit. It
is worth describing those manifolds here because they are also used to calculate the Maslov
index and Evans function D’(0).

Recall that M, is the set of critical points for the fast subsystem (3.2) with ¢ = 0. For
fixed w, each of these points has one-dimensional stable and unstable manifolds as long as
f'(u) < 0. By taking the union over all points in M} (resp. M{), we can therefore define
two-dimensional sets W*/*(MF) (resp. W*/*(M{)). GSPT is built on three theorems about
these sets, due to Fenichel [13].
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First, the critical manifolds MOL /R perturb to slow manifolds ME / R, which are locally
invariant relative to (3.2). The flow on MZ/", to leading order in ¢, is given by (3.4). Second,

the manifolds W*/s(M} /) also perturb to locally invariant manifolds W/ s(MEL) for (3.2).
Finally, the foliation of W*/¢(M{) by the stable and unstable manifolds of individual points

in M, persists when € > 0. In other words, given a point p € MF / R, one can identify
stable and unstable manifolds W*/*(p) which are locally invariant and diffeomorphic to the
corresponding manifolds when ¢ = 0.

Since the orbit we seek is homoclinic to 0, one would expect it to be constructed as the
intersection of W*(0) and W#(0). However, in order to use a perturbation argument for the
existence of the wave with ¢ > 0, we need the ¢ = 0 intersection to be transverse. By a
dimension count, this cannot happen. To remedy this, we append the equation ¢ = 0 to
(3.2) and instead look for an intersection of W (0) and W(0). This argument is successful,
but it requires a technical result called the Exchange Lemma [20]. The Exchange Lemma
addresses the problem of what happens to W (0) as it passes near the right slow manifold
MZT. 'We mention this here because the information obtained from the Exchange Lemma is
the exact ingredient used to prove that the fast traveling pulses are stable.?

4. DESTABILIZATION OF THE FITZHUGH-NAGUMO FAST TRAVELING WAVES

In this section, we apply the insights gained from previous Evans function and Maslov
index calculations to reveal a new mechanism for destabilizing fast traveling waves in the
FitzHugh-Nagumo system. Before doing so, we give a brief summary of the stability result
for the FHN fast traveling waves, due to Jones [19] and subsequently Yanagida [26]. The
first step is to show that there are only two potentially unstable eigenvalues, each of which is
O(e)-close to 0.* Since we know that A = 0 must be an eigenvalue, it follows that the other
eigenvalue near 0 is real. The Evans function parity argument from §2 is used to show that
the other eigenvalue is negative, hence the waves are spectrally (linearly, and nonlinearly)
stable.

The interesting part of this proof for our purposes is the manner in which sign D’(0)
is determined. Using Theorem 1.1 (actually, a slight variation thereof) and the Exchange
Lemma, it can be shown that stability of the wave hinges on the direction in which W*(MZ)
and W*(ML) cross along the second heteroclinic connection (the “fast back”). Analytically,
this direction is determined by calculating the Melnikov integral

/ e Fup(2) dz < 0, (4.1)

o0

3These pulses are called fast because the speed c is O(1) in e. There are also slow traveling waves whose
speed approaches 0 as € — 0. The fast pulses are known to be stable, while the slow pulses are unstable [14].

4This step actually brings another nice topological stability index into the mix. Starting with a Jordan
curve K in the spectral plane as in §2, one obtains a sphere by taking a product of K with the domain of
the traveling pulse, which is [—00, 00]. The unstable bundle E*(\, z) can then be viewed as a vector bundle
over the sphere, and the count of eigenvalues inside K is equal to the first Chern number of this bundle [1].
This is particularly useful for singularly perturbed systems, because the unstable bundle decomposes into
the Whitney sum of a fast and slow piece, and the Chern number is additive across such a sum. This idea
matured into a fast-slow decomposition of the Evans function using the so-called “elephant trunk lemma”
[15].
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where v,(2) is the v—component of the fast back connecting Mt to M{ with e = 0 [21,
22]. (We know this integral is negative because vy is the derivative of u, which decreases
monotonically along the back.) This type of result is exactly what we are after in this article;
the stability of the wave is determined by an observable feature of phase space, namely the
way that two invariant manifolds intersect.

We will now show how the traditional FHN model can be altered slightly to flip the sign
of this Melnikov integral, thus forcing D’(0) < 0 and destabilizing the fast traveling pulse.
We will do so by rewriting the reaction term in the u equation of (3.1) as f(u,w). Assuming
that a heteroclinic connection exists for the same value w = w*, one can check that the
Melnikov integral (4.1) becomes

M= — /_00 € Oy f (1, W) (uy v5(2) dz. (4.2)

o0

Some care is required to specify f. Comparing with (3.2) and (3.3), we see that the new
critical manifold is given by My = {(u,v,w) : v = 0, f(u,w) = 0}. In particular, it is no
longer a graph, which makes it considerably harder to understand and control the dynamics.
For inspiration, we turn to the Maslov index calculation that was used to prove that fast
traveling pulses for (3.1) are stable when w diffuses [7]. In that paper, we showed that
one can obtain the necessary information about how W*(MZ) and W*(MZF) cross just by
looking at the corner where the slow-to-fast transition occurs on M¥. (See section §4.4.) In
particular, the orientation can be flipped if the tangent line to M{ changes from negative to

positive slope.
With this guidance, we proceed to study the model
Uy = Ugy + f(u) — h(w
: (1) = h(w) ",
wy = e(u — yw),

with f and all parameters as above. The classic model has h(w) = w, so in an effort to make
this alteration as small as possible, we set

h(w) = w + n(w). (4.4)
We want 7 to be localized near w = w*, since it is just the back that we wish to change. The

equation for the critical manifold My becomes h(w) = f(u), so in order to have d—w > 0, we
u
need h'(w*) < 0, since f'(u*) < 0. We therefore set

n(w) = (w* —w)(1 + §)e P w7, (4.5)

We take 0 < § < 1 (but fixed), and 5> 1. As f — o0, ||n(w)]|sc — 0, so we can view h(w)
as providing an arbitrarily small perturbation of the original FHN model.® For simplicity,
we will also write n(w) = 0 for w = 0 so that the end state of the wave stays fixed. Since 7
decays rapidly anyway, this could easily be made official by multiplying n by a bump function
supported in a neighborhood of w*. See Figure 2 for a plot of n(w).

To see what effect this perturbation has on (4.3), we plot the nullclines with and without
1 in Figure 3. Near w = 0, the dynamics are completely unchanged. Thus we have a unique
fast front (i.e., connection from ML to M%) for ¢ = ¢* and w = 0. For w = w*, the fast back

5Tt is not, however, C'' —close since h/(w*) = —§ irrespective of 3, while %w =1. See (4.7.)
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nw+ w*)

FIGURE 2. The perturbation n(w) applied to the u equation in the FitzHugh-
Nagumo model (3.1). The origin is shifted to the jump-off point w*.

/

(A) Original nullcline w = f(u) (B) “Kinked” nullcline h(w) = f(u)

F1GURE 3. Picture of the slow flow and critical manifold in uw—space. The
red segments of the curves are the slow orbits. By adding a “kink” to the
nullcine through the n(w) perturbation, the slope of the tangent line to the
curve h(w) = f(u) changes sign at the jump-off point (u*, w*).

exists as well, since h(w*) = w*. However, since h is not monotone we have two additional
solutions wx to h(w) = w* satisfying w_ < w* < w,. This means that there are three
distinguished singular orbits, all of which persist for ¢ > 0 as long as M # 0 in (4.2). From
Figure 3b, we can see that the effect on the wave profile corresponding to w* is to add a
small tremor during the slow-fast transition.

To prove that the n perturbation destabilizes the wave, we apply (4.2) to f (u,w) =
fu) = h(w) :

M = / e FR (wvy(2) dz. (4.6)
A straightforward computation gives that n'(w*) = —(1 + §), hence
h(w)=1-(14+09)=-5<0. (4.7)

Together, (4.6) and (4.7) imply that the wave exists (by the Exchange Lemma) and that it
is unstable. A natural follow-up question is: what happens to time-dependent solutions of
(4.3) whose initial profiles are close to this unstable wave? We can see from Figure 3b that
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h'(wy) > 0. Thus the two extra traveling waves that are generated by this perturbation
are both stable, by (4.6). Since w_ < w* < wy, it is tempting to conjecture that the wave
with max(w(z)) = w* forms some kind of boundary between the basins of attraction for the
stable waves. However, that exercise is left to the reader.

Remark 4.1. As mentioned earlier, the Maslov index can be used to study (3.1) when w
diffuses and D = I. In that case, the fast traveling wave is stable, just like its 3D counterpart.
Interestingly, the unstable waves constructed in this section cannot be studied with the Maslov
index. This is because the nonlinearity in (4.3) needs to be skew-gradient, which means that
a multiple of h'(w) would need to appear in the reaction term of the w equation. It turns
out that the skew-gradient requirement forces an intersection of the nullclines on ME, which
prevents the construction of the pulses.
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