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1 Introduction

The process of spatial growth plays an important role in controlling and mediating pattern formation in a vast
array of natural and man-made experimental systems. Examples of the former include, digit and tissue patterning
in early stage development [17, 34], primodium arrangement near plant meristems [30], or chemical precipitation
and deposition in the wake of a traveling reaction front [38]. Examples of the former include the formation of
nanoscale patterns in ion-milling of metallic alloys [25], water-jet cutting and etching [9], chemical evaporation
and de-wetting [42, 37], directional quenching of liquid melts [8], and crystallization in liquid crystals [1]. In all
these examples, it is of interest how growth can change the resulting pattern in a system.

In this article we give an overview of recent works [2, 3, 11, 13, 14, 15, 32] which seek to mathematically explore
and understand this interaction using a simple model for growth known as a quenching heterogeneity. To explore
phenomena, we consider the effect of quenching in the Swift-Hohenberg equation, a prototypical pattern-forming
system. In this setting, we highlight how techniques from dynamical systems, functional analysis, modulation
theory, and numerical continuation reveal a rich set of pattern-forming dynamics. We expect many of the techniques
used and phenomena observed here to have bearing in other models for pattern-formation.

The rest of Section 1 reviews some known results on patterns in Swift-Hohenberg, introduces the concept of a
quenching heterogeneity, and defines a mathematical object which we use to classify pattern selection. Section 2
gives an overview of different mathematical approaches used to study quenched patterns in various regimes, while
Section 3 briefly discusses areas of future work. This article can also be viewed as an advertisement for a somewhat
more detailed and comprehensive review paper [12] on this topic. As such we aim to be light on details, and focus
on interesting concepts, and phenomena which arise in this setting.

1.1 Patterns in the Swift-Hohenberg equation

The Swift-Hohenberg equation was originally derived to model roll formation in Rayleigh-Bénard convection [36]
and has since been used to model patterns in many different physical systems, such as deformation of elastic
surface crystals [35], and plant phylotaxis [30]. Indeed this last application motivated Alan Turing to develop a
similar equation in unpublished notes [6] done after the seminal work [40] on morphogenisis. The equation, in two
spatial dimensions, takes the form

ut:—(1+A)2U+MU—U37 UGR, ($7y7t) €R2 XR-‘N A:8§+8§ (11)

where u is an order parameter, originally representing the deviation from a pure conductive fluid state represented
by u = 0, and p an onset parameter which measures stability of the pure conductive as the temperature difference
is increased. From a phenomenological viewpoint, this equation is arguably the simplest scalar model which
forms stable periodic equilibrium solutions via a Turing instability. Such an instability is observed by inserting

AtHi(kzz+kyY) into the linear part of (1.1) to obtain the linear dispersion relation

A=—(1=k)+p, k:=,/k2+Ek. (1.2)

This relates the temporal growth rate A to the bulk spatial wavenumber k. For p < 0 all wavenumbers decay, and

u==e

the equilibrium state u = 0 is stable. As u increases through 0, modes k ~ 1 destabilize; see Figure 1.1. Evolving
the nonlinear system from small fluctuations of the now unstable equilibrium « = 0, unstable modes grow until



they are saturated by the cubic nonlinearity. Furthermore, at onset 0 < p < 1, one can use standard bifurcation
or center manifold techniques [16] to show the existence of stationary stripe solutions w,(kx; k) which solve

0= —(1+k*3})up + pu, — u

> 6 €10,2m),u(f + 2m; k) = up(6; k). (1.3)

for a range of wavenumbers k € (kex,—, kex,+). In fact, they take the simple leading order form

up(kx; k) = —4(,u — )

cos(kx) + O(|u|), k=1-k% K2 < . (1.4)
These patterns exist for all wavenumbers k € (kex —, kex,+) With kex+ =~ m Note that since (1.1) is
rotationally invariant, stripes of any orientation w,(k,x + kyy; k) for such k are also equilibrium solutions. The
stability of such stripes is well-characterized. Indeed a temporal center-manifold approach can be used to show
that these patterns are stable with respect to co-periodic perturbations, a Fourier-Bloch wave analysis establishes
spectral stability to spatially localized perturbations [23], and a renormalization group analysis gives diffusive
stability at the nonlinear level [33].
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Figure 1.1: Left: linear dispersion relation (1.2) for p < 0 (orange), p = 0 (yellow), > 0 (purple); Center: Solution of (1.1) with small
random initial data and p = 3/4, color denotes value of u; Right: Pattern existence and stability domain in (p, k) ~ (0,1). Patterns
exist above the black curve, are Eckhaus stable above the blue curve, zig-zag stable to the right of the green curve. The red shaded
region gives possible wavenumbers for stationary quench in 1-D, while the blue shaded region gives 2-D stability.

1.2 Quenched patterns and the Moduli space

If the trivial state u = 0 is perturbed by small white-noise, modes with |(ky, k)| ~ 1 of any orientation will be
excited, leading to the formation of a defect-laden state with patches of randomly oriented stripes; see Figure 1.1,
center plot. Furthermore, one does not have control of the precise wavenumber formed in any given region of the
domain. In order to mediate this pattern-forming process and select the wavenumber and orientation of a pattern,
one can spatially progressively excite patterns, allowing them only in a subset of the domain which grows as time
evolves. This can be modeled by introducing a heterogeneous bifurcation parameter into (1.1)

) x,y) € Q4
up = —(1+ A)Pu+ p(z,y, hu —u®,  pla,y,t) = {’”‘ (zy) € Sk . u>0, (1.5)
—H, (l‘,y) S Q?v

where ; C R? is a time-dependent expanding domain, with complement Q¢ and boundary 9€);. As 9 traverses
R?, it converts u = 0 from a stable to an unstable state so that patterns are only allowed in €. Inspired by similar
processes in material science [8, 39], we call such a dynamic heterogeneity a quench. Broadly, one is interested in
how the geometry and evolution of €2; affects the type of pattern formed in the wake; see Figure 1.2 for examples
with Q; = {22 +y? < ct} for different radial speeds ¢ > 0. We mention similar quenching processes have also been
used as an experimental and mathematical model for pattern formation on a growing domain [24, 20]. In particular



Figure 1.2: Solutions of (1.5) with radial quench, small white-noise initial condition, u = 3/4 and ¢ = 0.05,0.4, 1, 3 from left to right.

they model apical growth where material is only added at the boundary of the organism, not in the interior [5].
One could also view this heterogeneity as a dynamic effective boundary condition which enforces spatial decay of
solutions outside of €;.

As even the radial quench yields patterns of stunning variety, we consider the simplest possible geometry, a
directional quench
O = {z — ¢t <0}, (1.6)

where 0€); is a vertical line which rigidly propagates with speed ¢, across the domain. We note such a quenching
geometry could also be viewed as the large-radius limit of the radial quench. Figure 1.3 shows the result of
simulations seeded with small random fluctuations about the equilibrium state v = 0 for various ¢, > 0. We
qualitatively observe for slow speeds stripes which are perpendicular to the quench interface 02 are selected,
for moderate speeds, stripes oblique to the interface, while for fast speeds, parallel striped patterns are selected.
Finally, we find for yet larger speeds, patterns detach from the quench, and invade the now unstable state with a
speed less than c,.
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Figure 1.3: Patterns in (1.5) with (1.6), 4 = 3/4, and ¢, = 0.4,1, 3,5 from left, time chosen so 9 is at x ~ 110 for each.

To organize these dynamic phenomena, we consider the simplest pattern-forming front solutions to (1.5). In
particular, we study solutions u(zx,y,t) = u(x — czt, ky(y — cyt)) in the co-moving frame variable = x — c,t where
the quench is stationary, which are 2m-periodic in the co-rotating frame variable § = k,(y — cyt), converge to the
trivial state as £ — 400, and to a stripe solution as £ — —oco. Here we consider 1:1 resonant solutions so that
the temporal frequency kyc, of the solution matches that of horizontal spatial oscillations of the pattern in the
co-moving frame, kyc, = kyc,, and thus the stationary stripe state satisfies up(kzx + kyy; k) = up(ke@ + 95 k). In



sum, we search for solutions to the following partial differential equation, dropping the tilde notation for simplicity,

0=—(1+087+k20)u+ p(x)u — u® + cz(0y + kaOy)u, (1.7)
0= lim fu(z,y) —up(koz +y;k)l, 0= lm u(z,y), ulz,y+2m)=u(z,y) (1.8)

Note in this frame the quench takes the simplified form p(x) = —psign(z). Wishing to relate the asymptotic
wavenumbers (k, ky) to the growth speed ¢, we consider the following variety, which we term the Moduli Space,

M = {(ky,cz, k) : (1.7)-(1.8) has a solution}. (1.9)

This object, depicted in Figure 1.4, is a compactified representation of the space of solutions to (1.7)-(1.8) in
(ky, ¢z, kz)-parameter space which classifies patterns in terms of their asymptotic behavior and neglects the behav-
ior of solutions near the quench interface. It also collapses families of y-translates of a given solution, representing
all as a single point. Here points with k; = 0 correspond to perpendicular stripes, &, k, # 0 oblique stripes, and
k, = 0 parallel stripes. Arguments using Fredholm theory and group velocities of patterns emanating from the
quench can be used to show that M can be written locally as a two-dimensional graph in &, over (k,,c;) near
generic points [2, §6]. One wishes to understand how the boundaries and geometry of M relate to those of the
space of solutions to (1.7)-(1.8). Practically, this set can be viewed as a cookbook, allowing experimentalists to
understand which patterns can be selected for a given growth speed. Abstractly, it is of interest how M varies
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Figure 1.4: Left: numerical continuation of several parts of M for u = 1/4 (Reproduced from [2, Fig. 15]); Right: Schematic
plot of Moduli space M for (1.7); various regions are labeled with relevant sections below, previous works, and example solution
profiles in the co-moving, co-rotating coordinates (z,y); Solid, bold lines give different boundaries of M discussed below (see also
[2]): all-stripe detachment (ky, ciin(ky), kz1in (ky)) (orange), kink-forming saddle-node (ky, cx,osn(ky), kx,0sn(ky)) (red), zig-zag critical
(ky,ce = 0, kx,22(ky)) (black), oblique reattachment pitchfork (ky, cx,opf(ky),0) (magenta), perpendicular saddle-node (ky, cx,0sn(ky), 0)
(blue); range of the strain-displacement relation k; € Rg g = [ksd,min, Ksd,max] With ¢z = ky; = 0 (green).
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2 Overivew of approaches and exploration of different regimes of M

We now highlight several methods which have been employed to approximate, construct, and continue solutions
in various regimes of M. The first is the spatial dynamics approach which views (1.7) as a dynamical system with
evolutionary variable z in the infinite-dimensional phase space of y-periodic functions. Solutions satisfying the
asymptotic boundary conditions (1.8) then form heteroclinic orbits. Here techniques from normal form theory,



bifurcation theory, invariant manifolds, and geometric blow-up can be used to obtain precise information on
front geometry and asymptotics. The second approach views (1.7) as an abstract nonlinear operator defined
on an appropriate function space. This functional analytic approach, which can be used to side-step technical
difficulties which sometimes arise in the spatial dynamics formulation, uses a solution ansatz known as a core-
farfield decomposition to separate behavior at £ = oo and near the quench interface. A Fredholm analysis of
the linearization at the front in exponentially weighted spaces then allows for local continuation of solutions in
parameters k., k,,c,. This abstract formulation also motivates a numerical continuation approach which can be
used to approximate front solutions on a finite computational domain. Finally, one can approximate temporal
dynamics using asymptotically reduced equations for wavenumber and amplitude modulations of growing stripes.
In the rest of the section we highlight these approaches in the context of exploring several regimes of the moduli
space M. See the diagram in Figure 1.4 for a schematic guide of these different regions, where they are discussed
in this work, and for references studying each.

2.1 Spatial dynamics for stationary and fast growth

As it is the simplest setting, let us first discuss the formation of stationary parallel striped fronts with ¢, = k, = 0,
where (1.7) reduces to a fourth order, non-autonomous ODE

0=—(1+0*u+ p(x)u —u’. (2.1)

Patterned fronts take the form of heteroclinic orbits between the hyperbolic saddle equilibrium v = 0 in the p = —p
phase space and the family of hyperbolic periodic orbits formed by w,(-; k;) in the p = +pu space. Since (2.1) has
a piecewise constant non-autonomous term, it suffices to overlay the two phase portraits and locate intersections
between the 2-dimensional stable manifold W7 (0) of u = 0 and the 3-dimensional center-unstable manifold W,
formed by the union of center-unstable manifolds for each periodic orbit. As the phase space is 4-dimensional, one
generically expects a one-dimensional intersection. The desired heteroclinic orbit is then constructed by choosing
an intersection point as an initial condition at = 0 and flows forwards and backwards in x; see Figure 2.1.
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Figure 2.1: Left: strain-displacement relation (2.2) for u = 3/4; Center: schematic phase-portrait of heteroclinic intersection in (2.1)
(adapted with permission from [10, Fig. 2(a)]; Copyrighted by the American Physical Society); Right: corresponding plot of the
solution

The works [32, 28] showed that the intersection can be parameterized in terms of the asymptotic phase ¢ and
wavenumber k; of solutions |u(x) — up(kzx + ¢; k)| — 0, & = —oo with k; = g(¢), written as a graph over ¢ for
some periodic function g. As g relates how stretched the pattern is to its asymptotic phase shift, it is known as
the strain-displacement relation. The work [32] uses normal form techniques to establish existence of patterned
fronts in (2.1) for 0 < p < 1 and determines the leading order expansion
7

9(¢) =1+ ;- cos(2¢) + O(|ul*’?). (2.2)

The range of g, kz € (ksd,min, Fsd,max) = (min g, max g), gives the wavenumbers allowed for a stationary quench.

We note that this range is a proper subset in the existence domain (kex —, kex,+); see Figure 1.1, right. In this



sense we say that the quench selects patterns; see Figure 1.1. The concept of a strain-displacement relation was
introduced in [28] which studied the effect of boundary conditions on patterns. Examples of strain-displacement
relations were also calculated in [10] for other pattern-forming equations.

We briefly remark that the ¢, = 0,ky, k; # 0 regime can also be studied using dynamical systems arguments
[2]. Here the associated spatial dynamical system possesses a Hamiltonian structure as well as conserved quantity
coming from the y-translation symmetry. Paired with an analysis of wavenumber energetics, one can use these
to show that oblique stripes for any k, must select wavenumbers which satisfy k2 = k2 + k;, where k,, is the
wavenumber bounding the zig-zag instability region so that stripes with k£ < k,, undergo wrinkling instabilities.

Another limit amenable to spatial dynamics treatment is the upper boundary in ¢, of M where patterns detach
from the quench; see Figure 1.3, right plot. This boundary is given by the spreading speed, cjin, at which pattern-
forming fronts invade the unstable state v = 0 in the homogeneous domain p = p. For the supercritical nonlinearity
pu —u3, the spreading speed and stripe wavenumber ki, can be predicted using only the linear information about
the unstable state. The resulting nonlinear invasion fronts are known as pulled fronts. See [41] for a broad overview
and [18, 4] for a mathematical treatment. The work [13] studies parallel striped fronts for ¢; < cj,. Here (1.7)
forms an ill-posed dynamical system in x in the phase space of y-periodic functions, and front solutions again
correspond to heteroclinic orbits. One then uses a multiple scales analysis and center-manifold reduction for each
phase portrait p = £u to study dynamics of bounded solutions near the origin. Relevant invariant manifolds
< ¢ there exists a k, near kj, with a

~

are transversely unfolded in the wavenumber k., so that for each c,
heteroclinic intersection. Thus, k, is determined by the quench speed. See also [14] for analogous results using
absolute spectrum in the complex Ginzburg Landau equation to derive the leading-order dependence of k; for
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2.2 Functional analytic approach: k, 2 0, ¢, k; >0

We discuss the functional analytic approach in the context of perturbing parallel grown fronts ¢; > 0, k; > 0,ky = 0
to weakly oblique fronts ¢, kg, ky > 0. Here, difficulties arise in the corresponding spatial dynamics formulation
due to the change in the domain of the linear operator in (1.7) as k, perturbs from 0. The functional analytic
approach allows one to side step this issue, continue solutions u(x,y; ky) in a smooth fashion, and obtain a leading
order prediction for the horizontal wavenumber

ka(ky) = koo + bk, + O(k), (2.3)

for a fixed ¢, > 0, and where b is constant determined by the parallel front u(x,y;0) and its derivatives. We
outline the approach in the rest of the section and refer to [13] for more detail.

Consider the linearization of the nonlinear PDE (1.7) about a front solution with (k, k) = (0,k}) and ¢, > 0,
Lim (14022 4 (00 + K20,) + ple) — Bualho + K02 (0y) €RXT, T=R2m  (24)

Due to a quadratic tangency of the spectrum of the asymptotic periodic pattern u, with wavenumber £, this oper-
ator is not Fredholm when posed on L?(R x T). To regain Fredholm properties of . and apply a Lyapunov-Schmidt
reduction, one poses the operator in an exponentially weighted function space L%(R xT) :={f : el f(z,y) € L?}.
These spaces penalize or allow growth at |x| = oo for n > 0 and 1 < 0 respectively, and somewhat standard tech-
niques [31, 19] show that L is Fredholm with index 0 for n < 0 and index -1 for 7 > 0. Since weighted spaces with
1n < 0 are not Banach algebras and hence will not play nicely with polynomial nonlinearities, we pose the operator
on a space with 1 > 0, thus requiring perturbations of the front u, to be exponentially localized and precluding
perturbing the entire front solution at once.

To get around this difficulty, we use a core-farfield decomposition

u(z,y) = w(z,y) + X(x)up(kzz + y; k), k? = k2 + k; (2.5)



where X is a smooth monotonic step function, with X = 1 for x < —d, and X = 0 for x > —d + 1, and w
an exponentially localized function which corrects the far-field pattern near the quench. This decomposition,
when inserted into the nonlinear equation, allows one to separate out the far-field dynamics, which are controlled
explicitly through the parameters k;, ky, from the local dynamics near the quenching interface. Indeed, inserting
this perturbation into (1.7) and using the fact that u, solves the equation with p = p, one obtains

0= F(w, kg; ky, cz) := L(kg, ky, co)w + [L, X]up + N (w + Xup(k)) — XN (uyp), (2.6)
L(kz, ky, o) = —(1+ 02+ k200 + p + €20 + ke0y), N(u) = —u?,  [L,X]Jo=L(Xv) = X-Lo.  (2.7)

One can show this operator is locally well-defined as a mapping on a suitable anisotropic Sobolev space with
exponential weight, but is not smooth in £, as a map near the parallel stripe solution (w*,k};0,c,) where w, =
us — Xup(k}), since increased regularity in y is required for k, # 0. This singular limit can be regularized using a
bounded invertible operator P (ky, ky, ¢z) := (L(kz, ky, ¢z) —I) ™! to precondition the nonlinear operator, obtaining
a new equation 0 = F := P o F which is continuous with continuous derivatives in ky near k, = 0. Under certain
genericity assumptions on the parallel solution, one obtains that the new linearization P(k,,0) o L is Fredholm

with index -1 and one-dimensional cokernel (and thus trivial kernel), and Oy, F ’( k0) ¢ RgP(k;,0) o L. This
'Ll)*, ;7
implies the extended linearization [P oL, P oy, F] is Fredholm index zero with trivial kernel. One can then apply

the implicit function theorem to solve for (w, k;) in terms of k,, obtaining existence of oblique fronts as well as
the leading order expansion for k;(k,).

2.3 Numerical continuation

We also mention that the functional analytic approach inspires a computational approach which represents hete-
roclinic profiles on a bounded computational domain. Here the far-field solution is formed by solving the 1-D roll
equation (1.3) to find u,(f; k) and then rotating the roll to obtain wy(k;x + y; k) for a given k,, k, pair. Being
localized near the quench, one can approximate w on a bounded domain using periodic or Dirichlet boundary
conditions. Appending a pseudo-arclength continuation algorithm, previous works have used this approach to
continue quenched patterns [2], study pattern selection for a fixed boundary condition [28], grain-boundaries [22],
and spiral waves [7]. Here one can discretize the spatial variables using any desired method. For example the
work [2] used finite-differences in the x-direction, pseudo-spectral in the y-direction, and the built-in nonlinear
solver in MATLAB. The work [3] paired a spectral Galerkin discretization in both z and y with a Newton-GMRES
nonlinear solver to take advantage of spectral accuracy and GPU parallelization. See these references as well as

[12] for more detail about this numerical approach.

2.4 Modulational techniques

Wavenumber selection and dynamics of grown patterns can also be understood using simplified equations which
describe small amplitude and long wavelength modulations of periodic stripes. We discuss several examples which
show how modulational approaches can be used to study slowly grown parallel and weakly oblique stripes, slowly
grown accute oblique stripes, as well as perpendicular stripes.

20

Y ~

2.4.1 Slowly grown parallel and oblique stripes: c,, k

One can study the dynamics of slowly grown parallel and oblique stripes using phase modulation equations. Here,
phase perturbations of stable stripes u ~ eR(ex, ezt)ei¢(5x’€2t)eix +c.c., p = € < 1 can be described at leading
order, after suitable scalings, by a linear diffusion equation ¢; = d.gA¢. Here ¢ governs local phase dynamics of a
perturbed periodic stripe, V¢ gives local wavenumber modulations, and deg gives the effective diffusivity of phase
perturbations. To model the quench, we move to a horizontal co-moving frame, restrict to the left half-plane, and



impose a nonlinear boundary condition determined by the strain displacement relation g defined above. In sum,

Ot = det AP + 3¢z, r<0,yeR (2.8)
¢z = 9(9), =0,y €R.

In this equation, patterned front solutions with wavenumbers (k;, k,) are represented by solutions ¢(x, ky(y — cyt))
which are periodic in the co-rotating frame variable § = kyy — kyc,t modulo 27, ¢(z,y+27/w) = ¢(x,§) + 27, and
asymptotically linear |¢(z,4) — (kzx + 3)| — 0,2 — —oo. Here the temporal frequency w is 1:1 resonant with the
horizontal far-field pattern w = c;k,, and ¢y k, = c,k; relating the vertical and horizontal phase speed of stripes
in the co-moving frame. Such a solution is depicted in Figure 2.2, and one can relate it to patterned solutions via
cos(¢). In the slow growth regime, one observes a singularity at k, = ¢, = 0, where the curves k;(ky, c;) with fixed
ky > 0 converge setwise to the union of the vertical band {(0,0, k;) | k, € Rg ¢} and the monotontically increasing
curve kg (0, ¢;) for parallel stripes which satisfies k4 (0, ¢z) — ksdmin as ¢z \( 0. In this region solutions develop a
localized dislocation defect near the interface which mediates wavenumber selection in the bulk. For k, = 0, this
kink corresponds to a slow stretching and fast snapping of the local phase in time near the boundary z = 0.
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Figure 2.2: Left: Compactified plot of Moduli space for (2.8) (Reproduced from [3, Fig. 1.2]); Center: Profile of ¢ := ¢ — (kox + ky7)
in co-rotating frame for 0 < ¢, k, < 1; Right: Plot of cos(¢(z,3))

We remark here that such a phase-diffusion approximation only describes parallel stripe formation in (1.7) when
posed on a one-dimensional spatial domain as only then are all wavenumbers k € (ksd,min, Ksd,max) stable. In the
two-dimensional isotropic equation (1.1) stripes with & € (Ksd,min, k2z) are zig-zag unstable and a different modula-
tional approximation, such as the Cross-Newell equation, is required. The work [3] rigorously studies solutions of
(2.8), derives wavenumber asymptotics, and accurately predicts solutions in a 2D directionally quenched anisotropic
Swift-Hohenberg equation, where the zig-zag instability is suppressed and all stripes k& € (Ksd,min, Ksd,max) are sta-
ble. In the one-dimensional case, see also [10] for formal asymptotic expansions and wavenumber predictions, and
[29] for a rigorous analysis of (2.8) in 1-D.

2.4.2 Slowly grown acute oblique stripes: ¢, 2 0,k, ~ ky,

~

A modulational approach can also be used to study horizontal modulations of slowly grown perpendicular stripes
with zig-zag critical wavenumber k, ~ k,, = 1+ O(p?) [2]. Once again neglecting the quench, p = p and inserting
the ansatz u(x,y,t) = ee®vY R(ex, et)e'?(<®) 4 c.c. with ky =1 —e. After scaling, and reducing to leading order,
and taking one spatial derivative 1) = V¢, one obtains a Cahn-Hilliard equation 1y = —(¢zq +1 — 1) 2. To model
quenched patterns in this context, one moves into a co-moving frame and appends Dirichlet boundary conditions,

"vz)t = _(";Z)zx + ",Z) - ¢3)CMC + Caﬂ/}x, <0 Y = 'Qz)xa: =0, 2=0 (2.10)

Here oblique striped fronts correspond to equilibrium front solutions with ¢(z) — 1,2 — —oo for some constant
1 # 0 which measure the asymptotic horizontal wavenumber.
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Figure 2.3: Left: Zoom in of the kink-dragging bubble in M with p = 1/4 along with the associated bubble from continuing fronts in
(2.10) (grey); Center-left: cross section of bubble in M for a fixed k,; Center-right: Solution profiles of (1.7) along this cross section;
Right: Kink-dragging bubble bifurcation diagram in (2.10), comparing front asymptotic value  with front speed ¢, solid line denotes
stable solutions while dashed line gives unstable solutions, bottom inset gives example profiles 1. (z) for points along the stable (solid)
and unstable (dashed) branches. First three plots reproduced from [2, Fig. 16, 20] while last plot uses data also from this work.

A functional analytic approach similar to that discussed above allows one to rigorously continue fronts in ¢, 2 0.
Numerical continuation then shows that such fronts undergo a saddle-node bifurcation at a speed cx osn. Passing
through this point, the corresponding solution (x) develops a kink in its profile; see Figure 2.3, right plot. In
the original equation, such solutions are oblique stripes with an anti-phase kink, or “wrinkle” in the solution near
the interface. Continuing such solution branches in k, one observes an expanding “bubble”, bounded by the fold
curve ¢y osn(ky) which emanates from the point (ky, ¢z, kz) = (kzz,0,0) in M. We mention that if one studies
the time-dependent equation for speeds just above this fold, one observes a saddle-node on a limit-cycle where
wrinkles in the striped phase are periodically shed in time, with growing period as ¢, decreases to cx sn.

2.4.3 Perpendicular Stripes: k, =0

To model the perpendicular stripe regime of M, one can use an unscaled ansatz of the form u(z,y,t) = A(x, t)eikyy—i—
c.c. in the full quenched equation (1.5) to obtain, at lowest order in powers of e, the Newell-Whitehead-Segel
equation

Ap=—(1492 —k})?A+ p(z)A — BA|A]® + ¢, 0, A. (2.11)

(1_1.2\2
When p =, Ap = %, represents a perpendicular stripe and fronts A(z) connecting A, with the trivial state

A = 0 represent perpendicular striped front solutions; see Figure 2.4, right plot, for a few examples. Numerically
continuing fronts in parameters k, and c,, one finds a broad domain of existence (plotted in Figure 2.4 left),
bounded above by a curve ¢y psn(ky) of saddle-node points. Passing through this curve, the monotone front solution
A(z) develops an anti-phase kink near the quench interface at z = 0 in a manner similar to the acute oblique
stripes discussed above. For speeds just below this bifurcation point we also find the perpendicular front undergoes
a y — —y symmetry breaking pitchfork bifurcation at the points ¢y opf(ky). Here oblique stripes bifurcate and
continue on to form the main “wing” of M. As k, is decreased, the saddle-node curve cy sy disappears in a
cusp bifurcation. Near this bifurcation there are a wealth of different phenomena and solution branches, including
collapsed snakes, isolas, and bifurcating oblique stripes which continue upwards in &, and collide in a hyperbolic
catastrophe with the oblique kink-forming bubble discussed in Sec 2.4.2 above. See [2, Sec 5,6] for more detail.

3 Outlook

There are many avenues to continue this line of study and we list a few below. In the directionally quenched Swift-
Hohenberg equation, several regions are yet to be understood even on the heuristic level, including the location
of the perpendicular stripe detachment saddle-node curve, the oblique stripe reattachment pitchfork bifurcation
curve, as well as the weakly oblique, slowly growing stripe regime k,, c, ~ 0. It would also be of interest to apply
analytic continuation and global bifurcating techniques to rigorously establish solutions in the bulk of the moduli
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Figure 2.4: Left: Domain of existence of perpendicular stripes predicted by (2.11), bounded above by bifurcation curves
Cx,psn (ky), Cx,opt (ky) (red and magenta), blue and green points indicate numerically measured bifurcation values in (1.7); Center Left:
cross-section of M with fixed k, illustrating the perpendicular to oblique bifurcation; Center-Right: Solution profiles along this cross-
section; Right: front solutions of (2.11) representing perpendicular stripes for various c¢g, ky values label in center-left plot; p = 1/4
throughout, reproduced from [2, Fig. 14, 17, 19 ].

space. Furthermore, there are several limits and boundaries of M which are understood only from a heuristic,
phenomenological, or modulational standpoint and still require a rigorous analysis.

Moving on from the existence analysis discussed here, one could also study stability of these pattern forming
fronts. We refer to [2, §4-5] for a discussion on zig-zag, cross-roll, and amplitude far-field instabilities of grown
stripes and [11] for a rigorous study of spectral stability in a 1-D quenched complex Ginzburg Landau equation.
In addition to stability, one could use modulational approximations as discussed in Section 2.4 to study dynamics
and interactions of defect-laden patterns in the wake of the quench observed in Figure 1.3. As mentioned in the
introduction, we also aim to characterize moduli spaces for different versions of the Swift-Hohenberg equation
and in new models. The upcoming review paper [12] gives numerical results for an anisotropic version of (1.1)
with an additional term Bagu (see also [3]) as well as a version of (1.1) with a subcritical quintic nonlinearity
p(z)u+yu? —ud. It also gives numerical continuations of the moduli space for a quenched 2-D complex Ginzburg
Landau equation, as well as the two-species light-sensing CDIMA reaction-diffusion model.

There are of course many other systems in which one could study the moduli space for a directional quench-
type heterogeneity. Examples include the Cahn-Hilliard or Allen-Cahn equations (see [27, 26] for results in this
direction), phase-field systems, or various types of reaction-diffusion systems, such the Fitzhugh-Nagumo, Gierer-
Meinhardt, or Klausmeier equations. One could also move away from directional quenching and consider patterns
for different quenching geometries €); as depicted in Figure 1.2. Along these lines, it would be interesting to relate
our area of study to recent works which study phenomenology of Turing patterns in evolving domains in the
context of morphogenesis and reaction-diffusion models; see [21] for a recent review.

Even further, there are many other types of heterogeneities of applicational interest, including slow ramps, localized
functions, and periodically modulated functions. Mathematically, these applied problems give a rich playground
for the application, combination, and further development of tools from applied PDE, dynamics, numerics, and
beyond.
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