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How can external mechanisms be used to harness 
and control natural pattern forming processes?

Prototypical example: qCGL-equation
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Pulled case
Propagation into an unstable state
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Fig. 9. Sketch of the !ow in the phase space (U;U ′) of the !ow equations (62) and (63) that govern the uniformly
translating solutions of the F-KPP equation. The solid lines at the two "xed points indicate the shape of the stable and
unstable manifolds near each "xed point, obtained by linearizing the !ow around each "xed point. The arrows indicate the
direction of the !ow, and the double arrow at the (0; 0) "xed point indicates that the contraction along this eigendirection is
stronger than along the other one (!2 ¿ !1). The dashed trajectory is the heteroclinic orbit connecting the two "xed points;
it corresponds to the front solution connecting the stable and the unstable state. (a) Flow in the case v¿max(v†; v∗).
The trajectory approaches the (0; 0) "xed point along the slowest contracting direction. (b) If for some velocity v= v† the
dashed trajectory becomes a “strongly heteroclinic orbit” which approaches the (0; 0) "xed point along the more strongly
contracting direction, the equation admits a pushed front solution.

equation (1) obey the ordinary di#erential equation

− v
dU
d"

=
d2U
d"2 + f(U ) : (61)

It is convenient to use the standard trick of writing this second order equation as a set of "rst order
equation: by introducing the variable U ′ = dU=d" we can write (61) as

dU
d"

= U ′ ; (62)

dU ′

d"
= −vU ′ − f(U ) : (63)

These equations describe the !ow in the two-dimensional phase space (U;U ′), with " playing the
role of time. Because f(0) = f(1) = 0 according to (1), the points (0; 0) and (1; 0) are "xed points
of these !ow equations; the "rst one corresponds to the stable state and the second one to the
unstable state. With our convention that fronts move into the unstable state on the right, a uniformly
translating front solution corresponds to a trajectory !owing from the (1; 0) "xed point to the (0; 0)
"xed point. Such a “heteroclinic orbit” is sketched for large arbitrary v in Fig. 9(a). 31 The solid lines
near the two "xed points in this "gure denote the directions of the stable and unstable manifolds
!owing into and out of each "xed point. These are easily determined by linearizing equations (62),
(63) about the "xed point solutions and solving for the eigenvalues of the linearized !ow. The
arrows in Fig. 9 indicate the directions of the !ow for increasing " (“time”). As is indicated in
the "gure, there is one stable and one unstable stable direction at the (1; 0) "xed point. For any
"xed velocity v, there is hence a unique trajectory coming out of this "xed point in the direction of
decreasing u. At the (0; 0) "xed point, however, both eigendirections are attracting; we have indicated
the direction along which the contraction is largest with a double arrow. Now, because there is

31 For v¡ v∗ the eigenvalues at the "xed point (0; 0) are complex so trajectories spiral into this "xed point.
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pulled front at ε = 0.4 with term 3φ2 added and ε = 0.4:pushed front

Fig. 14. Space–time plot similar to Fig. 13, but now for the Swift–Hohenberg equation. Total run time is 35, and the time
di!erence between successive lines is 1; the simulations started from a Gaussian initial condition. The plots in this "gure
are more detailed version of those in the middle column of Fig. 1. (a) A pulled front at ! = 0:4. (b) Simulation of the
Swift–Hohenberg equation with a symmetry breaking term bu2 added to the right-hand side. For b¿bc(!) fronts in this
equation are pushed, where bc(! ↓ 0)=

√

27=38 [421]. The simulation shown is for b=3 and !=0:4, while bc(0:4) ≈ 1:85
[421]. Note that after a while, a second front develops; at later times this moves into the periodic state generated by the
"rst front. This front generates a stable homogeneous state u = const.

The dynamics of the pushed fronts generated this way was con"rmed to be associated with
the existence of nonlinear front solutions with steepness larger than "∗, in agreement with the
arguments presented in Section 2.7.

(iv) The Swift–Hohenberg equation is to our knowledge essentially the only pattern forming equation
for which the existence of pattern forming fronts has been proved rigorously and for which the
pulled front selection has been established with some rigor [91–93]. In fact, the "rst formulation
of what we refer to as coherent pattern forming front solutions appears to have been made for
this equation by Collet and Eckmann [92].

(v) The Swift–Hohenberg equation has recently also been used in extensive numerical tests of the
power law convergence discussed in Section 2.7 of the wavenumber of the pattern generated
behind a pulled front [388]. The results which are reported in Fig. 19 below are found to be
in excellent agreement with the theoretical predictions.

2.11.3. The Cahn–Hilliard equation
The Cahn–Hilliard equation is a simple model equation for the problem of phase separation and

dynamic coarsening [56,192], which we will brie#y review in the context of polymer phase separation
in Section 3.7. The dynamical equation is based on the idea that in the phase separation regime the
coarse grained free energy functional F=

∫

dx 1
2 (9xu)2−u2=2+u4=4 for the composition "eld u has

two minima, at u=±1, and on the idea that this composition "eld is a “conserved order parameter”.
This means that mass is neither created nor destroyed, but that it can exchange due to di!usion in
response to a free energy gradient. These ingredients lead to the Cahn–Hilliard equation

9tu = 92
x

(

#F
#u

)

= −92
x(u− u3) − 94

xu : (93)
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Pattern forming fronts come in two forms, corresponding to two types of free

invasion fronts:

Pulled

• Local perturbation invades with speed clin predicted by linear dynamics

• Speed and wavenumber predicted by crossing of branch point of absolute spec-

trum

⌃abs ⇢ {Re�  0}, ⌃abs \ iR 6= ?

• Fronts have leading order asymptotics (A1⇠e⌫lin⇠ + B1e

⌫lin⇠
) as ⇠ ! 1, ⌫lin

spatial eigenvalue corresponding to the branch point.

Method of proof

Pushed case

W ss� (0)

c,!

Ap

W cu� (Ap)
W s

+

(0)

Figure 2.1: Schematic diagram of intersection between W cu
� (Ap) and W s

+(0). The red lines denote the
invariant manifolds of the origin in the ⇠ > 0 dynamics. These act as boundary conditions for a shooting from
W cu

� (Ap). Unfolding c and ! from clin and !lin, we obtain a non-trivial intersection at (⇠,!) = (⇠⇤,!tf(c))
(blue dot) .

3 Heteroclinic bifurcation analysis

In this section we prove our main result. We start in Section 3.1 by several simple rescaling

transformations and calculate dimensions of stable and unstable manifolds using information from

the dispersion relation. Section 3.2 intorduces the coordinate system near the origin that we use

to factor the gauge symmetry and desingularize the linear dynamics. Section 3.3 examines the

asymptotics of the free invasion front and shows that our assumptions are verified in the regime

↵ ⇠ �. Section 3.4 contains the matching analysis in the desingularized coordinates.

3.1 Scalings and dimension counting

The following change of variables will slightly simplify the remainder of our analysis, essentially

eliminating ↵ as a parameter. Suppose first that 1 + ↵� > 0. Setting

S =
c↵

2
p
1 + ↵2

, m2 = 1 +
(c↵)2

4(1 + ↵2)
� ↵!, l2 =

1 + ↵�

m2

, (3.1)

we scale

a = le�iS⇠A, ĉ =
c

m
p
1 + ↵2

, !̂ =
! � !

abs

(↵, c)

m2

, ⇣ =
mp

1 + ↵2

⇠, �̂ =
� � ↵

1 + �↵
, (3.2)

so that (1.8) simplifies to

a
⇣⇣

= �(1� i!̂)a� ĉa
⇣

+ (1 + i�̂)a|a|2 + (1� �)

m2

(1 + i↵)a. (3.3)

If we restrict to ⇣ < 0 we have � = 1 and obtain

a
⇣⇣

= �(1� i!̂)a� ĉa
⇣

+ (1 + i�̂)a|a|2, (3.4)
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Figure 3.1: Dynamics near the singular sphere: free front heteroclinic (blue) and stable manifold W s
+(0)

(red). Left: Parameters set c = clin, ! = !lin. On the sphere, homoclinic trajectories are tangent to the
real circle (green) at the branch point zb. Right: Perturb in c < clin at ! = !abs(c). The branch point
zb bifurcates into two equilibria which are encircled by periodic orbits. For ! perturbed away from !abs

equilibria become unstable and stable respectively causing attraction to the stable one.
dia:sph

where k̃
lin

is the linearly selected wavenumber calculated using (3.4). The assymptotics of this

computed trajectory are then used to calculate the ratio A1/B1 in (3.16). This ratio is plotted for

a range of �-values in Figure 3.2. Recall that ↵ = � implies that in our scaled coordinates � = 0.

For parameters at the branch point and a large range of �’s this ratio is non-zero, implying that

A1 6= 0.
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Figure 3.2: Plot of A1/B1 2 C for heteroclinics with clin = 2 and !lin = 0 for � 2 (�10, 0). The ratio for
� = 0 is the bottommost point. Values cluster away from zero as � increases in magnitude, implying that
A1 6= 0.
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Sketch of Proof:

• Perform same blow-up.

• Match osciliatory exponential tail with e↵ective boundary condition

• Leads to hysteretic wavenumber selection, multi-stability, and front locking.

• Exponential expansions generically give logarithmic spiral as bifurcation curve

in !, c.

Cahn-Hilliard and beyond
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Hypotheses & result: pushed case

• Section 4.2 (Silnikov Solutions): Use variation of constants formulas to prove existence of variational
solutions w

i

(W
i

;µ,L) near q
1

and q
2

which lie in certain exponentially weighted function spaces and satisfy
the boundary conditions (4.11)-(4.12).

• Section 4.3 (Gluing): Use the gluing condition (4.4) to solve for the “outer” boundary variables W0 :=
(s

1

, u
2

) in terms of the “inner” boundary variables WL := (s
2

, u
1

), L and µ.

• Section 4.4 (Transverse intersection): Match the solution w
2

(W0;µ,L) with W s(Ũ⇤(µ) at some trans-
verse section ⌃

2

of q
2

(0).

• Section 4.5 (Non-transverse intersection): Match the the solution w
1

(W0;µ,L) with W cu(U
p

) in a
neighborhood of q

1

(0) by first solving the matching condition in E
1

:= Ess

1

(0) + Ecu

p

(0) where Ecu

�1

(0) :=
T
q1(0)

W cu(U
p

). Then solve the condition in the complement E?
1

using Melnikov integrals.

In Section 4.6 and Section 4.7 we then derive asymptotics which allow us to obtain the bifurcation curve discussed
in Theorem 2.

W cu(Up)

q1

q2

U⇤
Ũ⇤

Up

W s(Ũ⇤) w1(L)

w2(�L)

W cu(Up)

⌃1

⌃2

u1(⇠)

u2(⇠)

W s(Ũ⇤)

U⇤

⌃1 ⌃2
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1 (0)

Esu
1 (0)

W cu(Up)

q1(0)
s1

u2

q2(0)

W s(Ũ⇤)

Ess
2 (0)

Esu
2 (0)

w1(0)

w2(0)

Figure 4.1: Schematic diagram of gluing construction. The top left figure depicts the global phase portrait in X, showing the
two manifolds we wish to connect. The top right figure depicts the gluing construction near the origin, where initial data are
taken in transverse sections ⌃

1

,⌃
2

. These sections are depicted in the bottom figure with the corresponding Silnikov data
s
1

, u
2

which is prescribed there.f:gl
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Pattern formation in nature
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FIG. 1: Variance of the order parameter, ⟨φ2⟩, obtained
from the simulations (solid lines) compared with the linear ap-
proximation given by Eq. (5) (dashed lines) with µ = 10−4,
µ = 10−3 and µ = 10−2 from left to right. Inset: numer-
ical values of ε̂ as a function of µ obtained implicitly from
⟨φ2⟩ = δε̂ with δ = 1/2. Solid line is the prediction of Eq. (6).

strength F = 5×10−17 is compatible with typical exper-
imental values [4, 15] . Our simulations are performed on
a square lattice of 512 × 512 nodes with lattice spacing
∆x = π/4, corresponding to 8 lattice points per ideal
wavelength (q0 = 1). Initial conditions are φ(x, t0) = 0
at the instant t0 given by ε(t0) = −1/2.

As the critical parameter ε is increased in time the
magnitude of the order parameter remains close to φ = 0
until well after the onset of the instability at ε = 0 (see
Fig. 1). At some later instant ε = ε̂ > 0 the field abruptly
jumps towards its symmetry-broken quasi-equilibrium at
⟨φ2⟩ = 2ε(t)/3 and spatially periodic modulations of the
signal are created, see Fig. 2. We identify the instant ε̂ at
which dynamics are resumed as the time when ⟨φ2⟩ = δε̂
[18] [with δ = O(1), meaning that the first and third
term on the right-hand side of Eq. (1) are of equal im-
portance]. Results are presented in Fig. 1 where we find
ε̂ ∼ µ0.48±0.01, which compares well with the Kibble-
Zurek predicted scaling ε̂ ∼ µ1/2. It is interesting to note
that the same scaling was found in ramp experiments of
Rayleigh-Bénard convection [15], where the temperature
difference between the upper and lower plate of the con-
vection cell was increased linearly in time. This setup is
similar to the annealing protocol in our simulations sug-
gesting that the scaling found in those experiments can
be explained within the Kibble-Zurek scenario as well.

Since the order parameter remains small up to ε =
ε̂, the observed scaling can be obtained from a simple
linear approximation of Eq. (1). Fourier transforming
the linearized SH-equation yields

∂tφ̂q(t) =
[

µt − (q2
0 − q

2)2
]

φ̂q(t) + η̂q(t). (2)

where φ̂q(t) is the Fourier mode of the order parame-
ter field with wave vector q. Thus, the structure factor

ε = ε ε = 1 ε = 1ε = 0.8^

FIG. 2: Typical configurations of the order parameter field
for different values of ε. We depict an area of 256×256 lattice
points. Upper row: µ = 10−2, lower row µ = 10−4. Black
(white) points correspond to φ > 0 (φ < 0). Rightmost pan-
els display the defect structures obtained from the amplitude
signal (ϑ = 0.25, see text).

S(q, t) ≡ ⟨|φ̂q(t)|2⟩ is given by

S(q, t) = 2F e2ωq(t)

∫ t

t0

e−2ωq(s)ds (3)

where ωq(t) ≡ 1
2µ(t2 − t20)− (q2

0 − q2)2(t− t0). The struc-
ture factor S(q, t) is peaked around q ≃ q0 (see Fig. 3b)
and the time dependent width of this peak, Γ(t), is ob-
tained from S[q0 ± 1

2Γ(t), t] ≡ 1
2S(q0, t). We find that

Γ(t) satisfies the implicit equation

Γ(t) =

(

ln(2α)

2q2
0t

)1/2

, (4)

where α = 1 + O(Γ2). Assuming that S(q, t) is sharply
peaked around q0 (i.e. Γ ≪ 1) and that it can be approx-
imated by a squared Lorentzian around q0 [8, 9] (see Fig.
3b) we write

⟨φ2⟩ =
∑

q

S(q, t) ≃
q0S(q0, t)

8(
√

2 − 1)1/2
Γ(t). (5)

Combining this result with the implicit equation ⟨φ2⟩ =
δε̂, we find that ε̂ satisfies

ε̂2 ≃ µ ln[(2F )−1δq0C0ε̂
3/2] (6)

where C0 ≃ 4.93 is a numerical constant. Thus, the linear
approximation leads, up to logarithmic corrections, to
the scaling behavior ε̂ ∼ µ1/2 predicted by the Kibble-
Zurek scenario and confirmed by our simulations (see Fig.
1).

We now proceed to identify the typical length scale
selected by the dynamics during the quench. A canonical
measure for this length is the width of the structure factor
[7, 8, 9, 10, 11, 12]: in a defect-free domain the order
parameter field takes the form

φ(x, t) ≃ A(x, t) cos(q(x, t) · x)+higher harmonics (7)
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Figure 13. Topography diagram for Ge after Xe+ ion beam
sputtering for different ion energies and ion incidence angles. The
symbols represent the experimental data: —hillock structures,
△—smooth surfaces, ♦—perpendicular-mode ripples,
⊗—parallel-mode ripples + dots, ×—parallel-mode ripples,
!—columnar structures, ◦—dots.

However, there are experimental conditions under which

completely new phenomena are observed. One is the

formation of perpendicular mode ripples with a wavelength

approximately two times larger compared to the wavelength

of parallel mode ripples. Moreover, there is a transition from

ripples to dots with increasing ion energy on Ge surfaces. The

topographical transition between different patterns with ion

incidence angle will be further substantiated in 4.2.

4.2. Time evolution of ripple and dot patterns

In this section results about the evolution of the characteristic

wavelength λ of nanostructures and the surface roughness w

with erosion time (equivalent to the ion fluence ") for different

ion species on Si and Ge will be presented. The ion fluence

equals the total number of ions hitting the surface per unit

area. For a given ion flux the ion fluence " is equivalent to

the sputter time, or with the thickness of the removed layer.

All experiments were conducted under conditions under which

well-ordered ripple and dot structures are formed.

4.2.1. Wavelength evolution. A representative example of

evolving ripple patterns, with increasing ion fluence on Si, is

given in figure 14. The AFM image in figure 14(a) reveals

a parallel-mode ripple topography from the beginning of the

sputtering process with a distinct wavelength, as observed in

the FFT image in figure 14(b). However, the rather broad

radial and angular distribution of the first spot reveal that

ripples have a rather poor lateral ordering (alignment) and

size homogeneity. With increasing ion fluence the ordering

of ripples increases (figures 14 (c) and (d)). The AFM

image shows that ripples are interrupted by defects (denoted

by the circle in figure 14(c)), producing two new ripples or

coalescence of two ripples into one. The number of defects

decreases with ", leading to almost perfectly ordered ripples

with approximately 2 defects per 1 µm2, shown in figure 14(c).

Figure 14. Surface topography on Si after Kr+ ion beam erosion
with Eion = 1200 eV and αion = 15◦; (a) " = 3.4 × 1017 cm−2

(sputter time 180 s), (c) " = 1.3 × 1019 cm−2 (sputter time 7200 s).
The solid circle in (c) indicates an existing defect between ripples.
(b), (d) Corresponding Fourier images.

Figure 15. Ion fluence dependence of wavelength λ and normalized
system correlation length ζ/λ for ripples on Si with Eion = 1200 eV
and αion = 15◦ for different ion species.

Quantitatively, the results for the evolution of λ and

ζ/λ with ion fluence for Ar+, Kr+ and Xe+ ion species are

summarized in figure 15. The ripple wavelength of λ ∼ 50 nm

is constant while ζ/λ increases with ion fluence. At the

beginning (up to an ion fluence " = 2 × 1018 cm−2) there

9
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Figure 20. Surface topography on Si after Xe+ ion beam erosion without sample rotation for different ion incidence angles. The arrows
indicate the ion beam direction.

Figure 21. AFM image of coexisting ripple and dot structures on Si.
The ripples have different orientations with respect to the ion
incidence direction (the black arrow indicates the beam projection).
Also given is the corresponding FFT image (white arrows point out
the two distinct wavevectors).

image reveals that ripples with different spatial orientations

form on the surface. From the AFM image mainly three types

of ripples can be distinguished. The first type are aligned

perpendicular to the ion beam projection. The second type

of ripples make an angle different to the ion beam projection

(the wavevector builds an angle of approximately 60◦ with the

ion beam projection). The third type of ripples show a curved

form. This is reflected also on the corresponding FFT image

showing peaks with two distinct orientations. Additionally, the

broad angular distribution of the first-order spots in the FFT,

that possess a half-circle form, is due to the contribution of

curved ripples observed by AFM. By further increase of αion

to 26◦, the AFM image shows structures aligned mainly in

two directions that cross each other, making an angle of 90◦

between them (in the one direction some remaining ripples are

still observed) (figure 22). It is interesting that both dominating

directions are rotated with respect to the ion beam projection.

i.e. they are neither perpendicular nor parallel to the ion beam

projection. Along these directions dots having a chain-like

form dominate the surface. The dots show an almost perfect

lateral ordering, with only a few defects that are comparable to

the defect density of ripples (see section 4). This is reflected

in the corresponding FFT image, with the equidistant first-

order spots implying the same periodicity of dots in the two

directions and wavevectors perpendicular to each other.

5.1.2. Influence of ion incidence angle on pattern transition
on Ge. The topography transition from ripples to dots is not

only characteristic of Si but is also observed on Ge. However,

Figure 22. An almost perfect square array of dots on an Si surface
(Xe+, αion = 26◦), where the black arrow indicates the ion beam
direction. The corresponding FFT image confirms the square
ordering of dots (white arrows point out the two distinct
wavevectors).

for Ge there is first a transition from dots to ripples and

then back from ripples to dots with increasing ion incidence

angle. This can be seen from the surface evolution on Ge

by Xe+ ion beam sputtering at different ion incidence angles

shown in figure 23. The AFM image for normal incidence

in figure 23(a) shows dot structures whereas at αion = 5◦ the

dot nanostructures disappear and well-ordered parallel mode

ripples evolve on the surface (figure 23(b)). By increasing

the ion incidence angle to 10◦ ripples, having a curved form,

are still dominating the surface, but they start to transform into

dots (figure 23(c)). Further increase of αion toward 20◦ results

in a complete transition from ripple to dot pattern as shown

in figure 23(d). The dots have a hexagonal ordering within

the whole image area. The FFT image shows six equidistant

peaks and it reveals that the ordering is more pronounced in

the direction where previously ripples existed, as seen from the

second-order peaks observed in the direction of the incoming

beam. With further increase of αion the surface smoothens

similar to Si.

For both materials the nanostructure wavelength λ

decreases with αion as shown in figure 24 using Xe+ ions. A

similar behaviour is observed using Ar+ and Kr+ for Si and

Kr+ ions for Ge, indicating that the wavelength evolution is

independent of the ion species used.

In summary, the results presented in this section indicate

the importance of ion incidence angle on the evolution of

the surface topography. Depending on ion incidence angle

different topographies can evolve on the surface. In detail it
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of substrate, one obtains more elaborate patterns, with radial streaks, indented rings, or petals (not

shown). These patterns are not as reproducible, even in replicate plates, and some geometries appear

only with certain strains.

Figure 1. Patterns generated by cells of E. coli chemotactic towards aspartate. With increasing
concentrations of substrate (here, succinate) one obtains a swarm ring or a swarm ring followed by spots
on a rectangula lattice, spots on a hexagonal lattice, or spots with tails on a hexagonal lattice (see [1],
Figure 1(b), Figure 1(a), Figure 1(d), respectively). a, A swarm ring generated by E. coli strain HCB317
(deleted for tsr, the gene that specifies the serine receptor [14]) grown on 1 mM succinate. An aspartate-
blind mutant (not shown) generates, instead, an expanding disk of much lower, uniform cell density. b,
Spots on a pseudo-rectangular lattice, generated by the same strain grown on 2 mM succinate. c, Spots
on a pseudo-hexagonal lattice generated by the same strain grown on 3 mM succinate. d, Spots with tails
on a pseudo-hexagonal lattice generated by cells of strain RP4368 (a serine-blind point mutant; from J. S.
Parkinson) grown on 3 mM succinate. A similar pattern can be generated with strain HCB317 (not shown).
METHODS. Growth was in plastic Petri plates (8.5 cm internal diameter) containing 10 ml of medium.
Stock solutions of ingredients for M9 minimal medium [15] plus substrate and amino-acid supplements (L
forms of threonine, leucine, histidine and methionine, 20 microgram ml sup -1 of each) were combined
on each plate with 0.24 percent water agar (Difco Laboratories, Detroit). The vital dye tetrazolium red or
tetrazolium violet (50 microgram ml sup -1, Sigma) was added to improve image contrast. The plates
were allowed to harden at room temperature on a level table for 2 h. Then they were inoculated at the
centre with 5 microliter of fresh saturated culture, pregrown in M9-glycerol (33 mM) and incubated in a

Triggered instabilities

Pushed fronts arise when nonlinearity amplifies linear growth su�ciently so that the speed of propagation
of disturbances exceeds the linear, pulled speed. Pushed fronts are generally steeper and convergence towards
pushed fronts is fast, being exponential in time. In fact, the Green’s function for the linearization at pushed
fronts exhibits simple poles associated with the neutral Goldstone modes, while the linearization near pulled
fronts exhibits a singularity with structure similar to the 3-dimensional heat kernel (REF Gallay??, stability
of KPP Front???). In the language of dynamical systems, such a front consists of a heteroclinic orbit which
converges to an equilibrium along a strong-stable invariant manifold.

In a co-moving frame, both types of invasion can be either stationary or oscillatory with frequency !
fr

. In
the pulled case, the frequency is typically a fraction of the frequency derived by the marginal stability criterion,
!
fr

= !
lin

/`. The case of strong resonance, ` = 1, is often referred to as node conservation in the leading edge.
For a more comprehensive review of these two types of fronts see [33].

Our Contributions The main question of interest here is the e↵ect of the trigger on the wavenumber of
the periodic pattern in the wake of the front. One observes that for large enough trigger speeds the influence is
negligible, possibly after an initial transient: in the wake of the trigger, one observes a front very close to the
free front, and the distance between trigger and patterns increases linearly in time. We will thus focus on the
situation when the speed of the trigger is close to that of the free front. One then expects small corrections to
the wavenumber in the wake. In particular, for trigger speeds smaller than the speed of a free front, one expects
a locked state, where the free front has caught up with the trigger.

�
c

upr

c

up

cp
u↵

utf

c

Figure 1.1: Schematic depiction of our results. � is the triggering mechanism traveling with speed c which creates the
preparation front u

pr

connecting a stable state (solid red) with an unstable state (dashed blue), u
↵

is the free front which
invades with speed c

p

, and u
tf

is the resulting pattern-forming triggered front obtained from the two for speeds c close to c
p

.f:sch

In the previous work [16], we rigorously characterized a prototypical example of a triggered front which is
perturbed from a pulled free front. There it was shown that wavenumber and front position asymptotics can
be predicted to leading order by the absolute spectrum of the unstable trivial state and to second order by
the projective distance between two invariant manifolds of the linearization about the homogeneous equilib-
rium. Furthermore, it was shown in this case that the wavenumber of the periodic pattern in the wake varies
monotonically as the speed of the trigger is varied.

In this work, our goal is to study triggered fronts perturbed from a pushed free front. Conceptually, our
results are as follows. Assume that

• There exists an oscillatory pushed free front u
↵

invading a unstable equilibrium u⇤ with speed c
p

.

• For a range of speeds c near c
p

, there exists a preparation front u
pr

formed in the wake of a spatial trigger
which connects this unstable state to a stable state moving from right to left.

• The fronts u
↵

and u
pr

, when viewed as heteroclinic orbits in a spatial dynamics formulation, form a co-
dimension two heteroclinic chain. That is the relevant invariant manifolds around u

pr

intersect transversely,
while those around u

↵

have co-dimension two.

• The Melnikov matrix along the free front, corresponding to derivatives in trigger speed c and temporal
frequency !, is invertible.

Then, for speeds close to the pushed invasion speed c
p

, there exists a family of pushed trigger fronts connecting
a spatially periodic orbit to the aforementioned stable state which exhibit a variety of interesting phenomena.
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• Begin with stable state ũ⇤, use mechanism � to progres-

sively excite, or trigger, system into an unstable state u⇤

• Patterns can then nucleate in the wake

• Select patterns by spatio-temporally controlling the exci-

tation process

Figures from: 
• Galla, Moro 2008 
• insilico.hu/liesegang 
• Ziberi 2009 
• Budrene, Berg 2005 
• Radon et. al 2004 
• Van Saarloos ’04 

• NASA AQUA MODIS 2012 
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R. Goh, A. Scheel. Pattern formation in the wake of triggered pushed fronts,  
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Theorem 1. For µ = (c� cp,! � !p), and L � 1, there exists 1-parameter family of pushed trigger fronts utf(⇠, t;µ⇤(L))

where the parameter curve µ⇤ : [L,1) ! R2
approaches the origin with leading order asymptotics e(⌫ss�⌫su)L

.

=) snaking, multi-stability of fronts, front locking, hysteresis

Creation of patterns from both localized perturbations and random fluctuations

of an unstable state has been very well studied.

Downsides:

• Random initial data leads to formation of defects in patterns

• Uniform suppression of fluctuations needed to obtain defect-free pattern

• Patterns formed from local perturbations only depend on intrinsic system pa-

rameters

Spatial Dynamics

• Detune A ! e

i!t
A, co-moving frame ⇠ = x� ct:

A⇠⇠ = � 1

(1 + i↵)

⇥
(�(⇠)� i!)A+ cA⇠ � (1 + �i)A|A|2

⇤
.

• Perform a heteroclinic matching between the (relative) equilibria A

p
and A ⌘ 0

to prove existence: i.e. find intersection between invariant manifolds W

cu
� (A

p
)

and W

s
+(0).

• Invariant manifold, W

s
+(0), of the origin in the ⇠ > 0 dynamics (red) acts as

target boundary condition for a shooting from W

cu
� (A

p
).

• Perturb from the generic free front, unfolding in c and ! from clin and !lin,

obtaining a non-trivial intersection at (⇠,!) = (⇠⇤,!tf(c)) (blue dot).

Geometric Desingularization

• Homogeneous variables: R = |A|2, S = |A⇠|2, N = AA⇠,

Blow-up in R and S directions:

z = N/R = A⇠/A, R = |A|2, and z̃ = N/S = A/A⇠, S = |A⇠|2.
• Blow-up charts factor out S1-invariance, phase portrait in R+ ⇥ S2:

z0 = �(z + 1)2 + cz � i! + (1 + i�)R

R0 = 2Re(zR) = R(z + z).

• S normally hyperbolic invariant manifold (with algebraic/exponential decay in

the tangent/normal directions), use Fenichel’s results on smooth foliations to

perform heteroclinic matching.

Theorem 1. Set ↵,�, �, ⇢, µ so free pushed front, A↵ , exists. For 0 < clin � c ⌧ 1,

there exists pushed trigger front e

i!tf tAtf(⇠) with !tf(c) implicitly defined by

Mµ = exp[(⌫ss � ⌫su)L+O(µ)], L � 1, µ = (cp � c,!p � !)T .

where Mi,j =
R1
�1h i(⇠), @jF (A↵(⇠))id⇠, i = 1, 2, j = c,!.

We demonstrate a general recipe for pushed trigger fronts, using the

Cahn-Hilliard equation:

For � > 0, free fronts u↵ are solutions of modulated traveling wave equation

connecting u0 ⌘ 0 at ⇠ = +1 and up(kx� ⌧) at ⇠ = �1,

!pu⌧ = �(u⇠⇠ + f(u))⇠⇠ + cpu⇠, x 2 R, ⌧ 2 [0, 2⇡), f(u) = u+ �u

3 � u

5

Pulled(� < 0) Parameters determined by linearized dynamics: c = clin,! = !lin,

and wavenumber determined by klin = !lin/clin.

Pushed(� > 0) Parameters determined by nonlinear dynamics: c = cp,! = !p,

and wavenumber determined by kp = !p/cp.

Method of proof
Study variational equations about q1, and q2:
d

d⇠
wi = Ai(⇠)wi + gi(⇠, wi;µ), ⇠ 2 R, Ai(⇠) := DUF (qi(⇠)), gi(⇠, wi) := F (qi(⇠) + wi;µ)� F (qi(⇠); 0)�Ai(⇠)wi.

where F (U) = A(⇠)U +G(U).

Gluing-matching (à la Rademacher and Lin)

• (Silnikov Sol.) Use var. of const. to prove existence of solutions wi near q1, q2 lying in exponentially weighted

function spaces with boundary conditions.

P ss
1 (0)w1(0) = s1, P su

1 (L)w1(L) = u1, P ss
2 (�L)w2(�L) = s2, P su

2 (0)w2(0) = u2, (0.1)

• (Gluing): Use gluing condition w2(�L) � w1(L) = q1(L) � q2(�L), to solve for the “outer” boundary variables

W0
:= (s1, u2) in terms of the “inner” boundary variables WL

:= (s2, u1), L, and µ.

• (Transverse intersection): Match the solution w2(W0
;µ,L) with W s

(

˜U⇤(µ)) at some transverse section ⌃2 of

q2(0).

• (Non-Transverse intersection): Match the the solution w1(W0
;µ,L) with W cu

(Up) at a transverse section ⌃1 of

q1(0) by first solving the matching condition in E1 := Tq1(0)W
ss
(0) + Tq1(0)W

cu
(Up). Then solve the condition in the

complement E?
1 using Melnikov integrals.

Theorem 1. (RG, Scheel 14) Let µ = 1, ⇢ = � = 0, and ↵� < 1. Under certain

genericity conditions on free front, and 0 < clin � c ⌧ 1, there exists a trigger front

solution Atf with angular frequency

!tf(c) = !abs(c) +
2

⇡
(1 + ↵2)

3
4 |�Zi|(clin � c)

3
2 +O(clin � c)2),

wavenumber ktf(c) determined by dispersion relation, �Zi projective distance between

T0W su(Ap) and T0W s
+(0), ±i!abs(c) = ⌃abs \ iR.

A

t

= (1+i↵)A

xx

+�A�(µ+i�)A|A|2�(⇢+i�)A|A|4, x, t 2 R, �(x, t; c) =

(
1 x� ct < 0

�1 x� ct � 0

• � moves with speed c, changes stability of A0 ⌘ 0 from stable to unstable

• For given speed c a trigger front is a solution A(x, t) = e

i!t
Atf(x� ct)

Atf(⇠) ! 0, ⇠ ! 1, |Atf(⇠)� re

ikx| ! 1, ⇠ ! �1.

• k,!, c solve nonlinear dispersion relation

1 = k

2 � µr

2
+ r

2
,

! + ck = ↵k

2 � �r

2
+ �r

4
.

Trigger � changes linear stability of u0 ⌘ 0, vary speed c near clin or cp.

u
t

= �(u
xx

+ f(x� ct, u))
xx

, f(⇠, u) = �(⇠)u+ �u3 � u5, �(⇠) = tanh(�⇠/✏)

Spatial Dynamics formulation

Let U = (u, u
⇠

, u
⇠⇠

+

˜f(⇠, u), (u
⇠⇠

+

˜f(⇠, u))
⇠

)

T

obtain

U
⇠

= A(⇠)U +G(U), A(⇠) =

 
b1(⇠) I3
�!@

⌧

b2(⇠)

!
, G(U) = (0,��u3 + u5, 0, 0)T

b1(⇠) = (0,��(⇠), 0)T , b2(⇠) = (c, 0, 0)

• Evolution on X = H3
(T)⇥H2

(T)⇥H1
(T)⇥ L2

(T),
D(A) = H4

(T)⇥H3
(T)⇥H2

(T)⇥H1
(T)

• Make system autonomous, by requiring � solve ✏�0
= 1� �2

.

• u↵ is a heteroclinic orbit in � = 1-subspace,

• upr ⌘ 0 is heteroclinic connecting (U,�) = (0, 1), to (0,�1).

Pushed

• Invades with speed cp > clin, arises from inherent nonlinearities of system

• Front profile has steep exponential tail, corresponding to approach along a

strong-stable manifold

• Fronts generically possess oscillatory tails C1e

⌫ss⇠
+c.c. as ⇠ ! +1, with ⌫ss a

complex conjugate pair of strong-stable spatial eigenvalues.

S

S

Assume:
(i). A has spectral gap demarcated by ⌫ss and ⌫su, both

with neg. real part

(ii). Existence of pushed free front q1 in � ⌘ 1 system, with

decay ⇠ e

⌫ss⇠, ⇠ ! 1
(iii). Invertibility of Melnikov matrix assoc. with @cq1, @!q1

(iv). Existence of front q2 connecting (U⇤,�+) := (0, 1) to

(0,�1)

(v). q1 and q2 form co-dimension-2 heteroclinic chain

(vi). Inclination property: Tq2(0)W
ss
(U⇤) 6⇢ Tq2(0)W

s
(

˜U⇤)

(vii). Well-posedness of variational system

http://insilico.hu/liesegang
http://dx.doi.org/10.1007/s00332-013-9186-1
http://insilico.hu/liesegang
http://dx.doi.org/10.1007/s00332-013-9186-1

