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1 Type of software, key features and short description

The software tool pde2path is a Matlab package for numerical continuation and bifurcation analysis

of FEM based numerical discretizations for PDE systems on one-, two- or three-dimensional domains,

possibly coupled with auxiliary constraint equations. pde2path can be used for the continuation of

equilibria, traveling waves and time-periodic solutions. It can detect stationary bifurcations, possibly

of higher multiplicity, as well as Hopf-bifurcations, and perform a branch switching. Depending on

the system type, pde2path also allows for an easy switch between time-simulations and continuation.
The PDE system can have the form

Mow = —-G(u,\) .=V - (c®Vu) —au+b® Vu+ f, (1)

where (the possibly singular) MERY*Y can be seen as a mass matrix, u=u(z,t) € RY (N com-
ponents), t > 0, z € Q C R? d = 1,2,3 (1D, 2D and 3D case, respectively), and A € RP is a
parameter vector. The coefficients ¢, a,b and the 'nonlinearity’ f may depend on x,u, A. The bound-
ary conditions (BCs) for can be (multiply-)periodic BC, if the domain is suitable, or be of the
form

n-(c®Vu)+qu =g, (2)

where n is the outer normal so that Dirichlet BC can be approximated by using a ‘stiff spring’
approximation. In , for instance in 2D, [V - (¢ ® Vu)]; := Z;yzl[axcijnax + 02Cij120y + 0y Cij210, +
dyCijoaOyluj (i™™ component), and similarly [au]; = Zjvzl a;juj, [b® Vul; := Zj-vzl[biﬂ@z + bij20ylu;j,
and f = (fi,..., fnv). In addition, ng > 1 auxiliary equations (typically constraints)

Qj(u,\) =0, j=1,...,n9 (3)

can be coupled to the PDE. In the following, when we refer to this always includes the BC, i.e.,
periodic or (2), and (if applicable) the constraints ({3).

The package pde2path is based on a spatial FEM discretization of , and arclength continu-
ation similar as in the well-known continuation package AUTO, [DCET97|, which uses collocation
and is designed for 1D general BVP. The FEM uses either Matlab’s pdetoolbox (2D) or the FEM
implementation 00PDE [Prul6] (1D, 2D and 3D, with unified user interfaces). Typical applications
deal with systems leading to 102—10° (1D steady states), 10* (2D steady states, 1+1D Hopf), and
10° (3D steady states, 241D Hopf) degrees of freedom (DoF), though in some applications (in 3D)
we use up to 10° DoF.

pde2path is designed to be a general and easy to use (and modify and extend) toolbox to investi-
gate bifurcations in PDEs of the (rather large) class given by . Thus, pde2path is intended as and
used as both, a research tool to study a given PDE system, and as a modular platform to implement
and test new algorithms in the context of bifurcations and dynamic stability of solutions of PDEs.
Included with the software download at [UecI&8d] we provide about 40 demo directories dealing with
a variety of systems, a concise Matlab (html) help system, and additionally, also for download at
[Uecl8&d], a Quickstart Guide and a number of tutorials (about 150 pages altogether) explaining the
demos and a number of algorithms behind pde2path.



Download and installation. The package download pde2path.tar.gz (or pde2path.zip) un-
packs to the directory pde2path, which contains the directory tree shown in Fig. (a). In this
tree, demos and hopfdemos contain a number of stationary and Hopf pde2path demos, respectively,
html contains help, 1ibs contains the pde2path libraries, ocdemos contains optimal control demos,
pazschur (included with permission) contains the periodic QZ decomposition from [Kre0l1], and
O0PDElightNA (included with permission) is our “light” version of 00PDE [Priil6], without abstract
classes.
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Figure 1: Directory tree, Root help menu, and starting part of html demo overview.

For advanced features, pde2path uses two third party softwares which need to mexed (see, e.g.,
README in directory pgzschur for comments on mexing and further instructions):
e pgzschur [KreQl]: a Matlab driver for a fortran routine which computes a periodic Schur
decomposition of a set of matrices; optionally used to compute Floquet multipliers.
e ilupack [Bollll]: a preconditioned iterative linear system solver toolbox, which is not included
in the download; it is optionally used for solving large scale linear systems.
We have tested pde2path on a variety of standard PCs (with different linux distributions, MacOS
and Windows), and on some HPC clusters, and under various Matlab versions (R2009a and later).

Getting started. Within Matlab change into the pde2path directory and run setpde2path, which
also makes available the help system. Calling p2phelp yields the main help menu shown in Fig. (b)
The first two topics are short thematic overviews of the data structures and main functions in
pde2path, while clicking p2plib, ..., tom yields complete alphabetic function overviews of these
pde2path libraries, with a short description of each function, which can then be clicked for further
documentationﬂ Similarly, clicking on demos opens the demo overview in (c), with brief descriptions
of and links to the demo directories and script files.

The basic flow of running a model with pde2path is sketched in Fig. |2l For new users, we believe
that the best way to understand this scheme is to work through a number of demo problems, where

'"Help on any pde2path function foo is also given by typing help foo or doc foo, but in practice we find the
alphabetic library overviews such as in Fig. c) most convenient. To keep the help system functional, clear all should
be avoided, i.e., replaced by keep pphome.



the demos/acsuite with the tutorial [RU18] is the easiest place to start. In any demo, open the
cmdsXX.m script and execute cell after cell, rather than running directly the entire script.

To set up your own problem, create a copy of the demo directory closest to your problem and
modify its functions and scripts.

initialization
define domain, rhs, and initial
values for parameters and solution

|
'

|| swibra:switch to new branch
cont

predict . | spcontini/spcontexit:
correct (Ne.wton—l'oop) start /stop special contin.
check for bifurcation (bifdetec)

stepsize/error control

(e.g., fold or branch points)

new tangent |l swipar: switch to contin.
plot/save/call user function in a different parameter

| postprocessing:
plot branches(plotbra)
and solutions (plotsol)

Figure 2: Basic flow diagram of using pde2path. The initialization block is typically put into a function *init,
where * is the name of the problem, and it usually starts with a call of p=stanparam(p), setting all pde2path
parameters to standard values, after which the user should redefine the pertinent problem parameters. The
cont block gives a schematic overview of the main steps in the continuation routine cont, where the loop is
executed for a defined number of steps, or until some other criterion is fulfilled. To the right there are four
typical next steps after an initial (or subsequent) run of cont, where (a), (b) naturally assume that in some
run of cont a branch point (BP) or fold point (FP) has been found. The postprocessing is an integral part
of pde2path and makes use of the powerful plotting functionality of Matlab. After each of these commands,
cont can be called again to continue new branches (or further extend those already given). For convenience,
all these commands are typically put into a script file cmds.m in “cell mode”, i.e., where (groups of) commands
are executed individually. This scheme basically applies to all demo directories, with some modifications, e.g.:
for BPs of higher multiplicity we use gqswibra or cswibra for branch switching, and in the Hopf demos swibra

and plotsol are replaced by the Hopf versions hoswibra and hoplot.

History and contributors. The first version of pde2path was launched in November 2013, was
restricted to simple steady bifurcation in 2D, and has essentially been documented in [UWR14].
Since then, the development has been rather fast, with a software upgrade about every 12 months,
and we somewhat changed the documentation method and put an emphasis on tutorials, which are
also available at [Uecl8d|, and if necessary are updated with the releases. The main additions have
been:

e Implementation of the constraints (3), in particular used for fold—continuation [DRUW14], of
periodic BC [DRUW14, [DUI17], and of continuous symmetries [RUIL7]. This also includes the
option for time-simulation with ‘freezing’ in order to time-step orthogonal to the group orbit.

e Linking with OOPDE to efficiently treat the 1D, 2D and 3D cases, with unified interfaces [RU1S].

e Treatment of infinite time horizon PDE-constrained optimal control problems [Uecl7a].

e Treatment of Hopf bifurcation and periodic orbit continuation [UecI8al, [Uec17h], and of steady
bifurcation points of higher multiplicity [Uecl8c, [UecI8h].

The core developer team of pde2path consists of us two (HU, JR); major contributions are also
due to



e Prof Tomas Dohnal, University of Halle, Senior Faculty;
e Lars Siemer, PhD student, University of Bremen;
e Dr Daniel Wetzel, PostDoc, and Hannes de Witt, PhD student, both University of Oldenburg.

We estimate that pde2path is currently used as a standard tool in about 10-15 research groups
worldwide, and that about 8-10 PhD thesis have been written or are currently written using pde2path
as a major tool.

Hints to detailed instructions, tutorials and manuals. For detailed instructions on instal-
lation, and a demo and library overview we refer to [dAWDRT18|* (all tutorials and preprints are
available at [Uecl8d], and documents marked with * are also included with this submission). To get
started, we then recommend the tutorials as follows:

o [RUIL§* deals with scalar (Allen-Cahn type) problems. We start with a simple semilinear 1D
problem with homogeneous Neumann BCs, and then proceed step by step to more complicated
problems in 1D, 2D and 3D, with z—dependent terms, with various (including nonlinear) BCs,
and quasilinear versions. See also [DUL7] for similar setups with periodic BC in 1D-3D.

e [Uecl&c]* extends [RUILS| to more complicated systems such as reaction—diffusion systems and
Swift—-Hohenberg type of equations, including the handling of steady bifurcations of higher
multiplicity (see also [Uecl8b]), which naturally occur for pattern formation problems in d > 2
space dimensions.

o [Uecl7bh]* explains how to deal with Hopf bifurcations, see also [Uecl8a].

A number of further more specialized tutorials is available at [Uecl8d], for instance on (pattern
formation in) optimal control problems [Uecl7a)], and on the handling of continuous symmetries by
setting up suitable constraints [RUTT]. Additionally, [EGUT19| contains a review of a variety of
pde2path applications to scalar problems, in particular thin—film equations.

2 Recent highlights

Modulated traveling waves. In the demo demos/symtut/modfro we compute modulated travel-
ing waves via Hopf bifurcations from traveling waves (TWs) in a model from [BCM99], namely

O = ad?u — uf(v), 0w = v+ uf(v), (4)

on the interval Q = (—I,,l;) with BC (u,v) = (0,1) at z = —I, and (u,v) = (1,0) at & = l,, which
fixes a boost invariance of (). Here f(v) = v™ for v > 0 and 0 otherwise, m > 2 (here m = 9). In
order to approximate the behavior on the real line we use [, = 25, which seems large enough. The
numerical results described next are summarized in Figure |3| (from [RU17]).

We use time-simulation with freezing [BT07] in order fix the location in the domain and identify the
TW speed, which converges to a TW for a ~ 0.2 with (constant) speed s. Since the real line problem
possesses spatial translation symmetry, we add the phase condition 0 = ¢(u) := (9yug, u — ug) (with
a reference profile ug), which enforces continuation orthogonal to the corresponding near translation
mode on the domain with Dirichlet BC. Continuation to lower values of a (with adaptive mesh
refinement to deal with sharp interfaces) yields a Hopf bifurcation point and branch switching gives
a modulated TW. Here the speed s is an average speed corresponding to the constraint

m—1

qm (u) = i (Do, ult;)) = 0, (5)

=1

where t1,...,t, denotes the gridpoints of the time discretization. See [RUILT] for details. In the
specific example, for, e.g., a = 0.12, also time simulation converges to the stable modulated TW;
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Figure 3: Results for from demo symtut/modfro [RUI7|]. (a) Speed s(t) returned from time simulation
with freezing for a = 0.18 (convergence to steady TW) and for a = 0.12 (modulated TW). (b) Bifurcation
diagram of steady TW (black) with speed=average speed s and modulated TW (red); stable branches as thicker
lines. (c) Profile at Hopf bifurcation point in (b). (d) Solutions on modulated TW branch.

notably, the oscillations in the speed s are rather large, see Figa). For sufficiently fine time—
discretization, the stability obtained from the Floquet multipliers indicated by thick lines in (b)
agrees with the stability obtained from the time simulation with freezing, as do the instantaneous

(Ozug, G(u(t)))

speeds s(t) = Bytio. Ot

, computed a posteriori.

Bifurcation of Turing patterns in 3D under symmetry. One of the main original goals of
pde2path was to study Turing patterns in reaction—diffusion systems and other pattern forming
systems, and this continues to be a key application area. For 2D and 3D domains with symmetries,
such as squares and cubes, an interesting issue is the competition between different types of patterns,
e.g., 'spots vs stripes’ [Erm91], see also [GS02]. The primary bifurcation from a trivial branch then
usually is associated to eigenvalues of higher multiplicity. We recently added support for these to
pde2path, explained in detail in [Uec18b] and [UecI8c|. In Fig. |4l we show just one example, namely
the primary bifurcations at A = 0 from the trivial branch v = 0 in the (quadratic-cubic) Swift-
Hohenberg (SH) equation

Ou=—(1+A2u+u+vu?—u®, w=u(xt)eR, zeQcR (6)

with Neumann BC 9, u|sq = 9,(Au)|sq = 0. Due to the flexibility gained by the mass matrix M on
the left hand side of , (]§[) can equivalently formulated as a second order system in the form . The
demo directory demos/sh contains scripts to study a multitude of patterns for @, including various
snaking branches of localized patterns in 1D, 2D, and 3D. In Fig. We use Q = (—v/2m,v/27)3, ie., a
cube corresponding to a so—called body-centered-cubic (BCC) wave vector lattice. In this situation,
the kernel of the linearization L = —(1+A)? of (@ at (u, A) = (0,0) is three dimensional, for instance



spanned by the tube (or more precisely square prism) ¢ ~ cos((z +y)/v/2) + cos((z —y)/v/2) and its
two other orientations, see Fig. [d{(a). Then, in total there are 15 branches bifurcating at (u, A) = (0,0),
but only 2 different equivariance classes defined by symmetries, i.e., tubes and BCCs (right-most plot
in (a)), where the BCC correspond to an equal amplitude superposition of these tubes; see Fig. (b)
for some branches obtained.
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Figure 4: @ on a “BCC lattice cube” = (—v/2m,v/27)3, v = 1. (a) kernel vectors (distorted square prisms)
and bifurcation direction for a BCC obtained from gswibra. (b) BD, ’hot’ and ’'cold’ BCCs and square prism
example solutions. n, = 10351, n, = 57024 tetrahedra. From [UecI8c].

Similarly, the demo demos/schnakpat treats Turing patterns in the so—called Schnakenberg RD
model. See [UecI8c| for details, which also contains remarks about the careful (symmetry preserving)
meshing necessary for 2D and 3D problems with many solutions. A related problem is studied in
[UW18], namely 3D patterns in the Brusselator RD system, including snaking branches of localized
BCCs, see Fig. [ for an illustration.

Hopf bifurcation in optimal control. An interesting if somewhat specialized area of application
of pde2path are patterns in infinite time horizon distributed optimal control problems of the form

!

V(ve(+)) = g%gx J(vo(+), k(+,+)), J(vo(+), k() :== /000 e P Joq(v(t), k(1)) dt, (7)

K

1
where Je, (v(+, 1), k(-, 1)) = i / Je(v(z,t), k(x,t)) dx is the spatially averaged current value function,
Q

J. a given function, p > 0 is a discount rate, and where the states v = v(t,x) € R fulfill some PDE
of the form dyv = DAwv + g;(v, k) with control k£ from some admissible set. Pontryagin’s maximum
principle leads to so—called canonical systems for the states v and co-states (or Lagrange-multipliers
or shadowprices) w = w(t,z) € RV, i.e., formally,

Ov = DAv + g1 (v, w), (8a)
Oyw = —DAw +92(U’w)a (8b)



90

37

1

%
2 o

T S
1.85 1.9 1.95 2 2.02 2 3 4 2 3 4

B
Figure 5: (a) Branches of the homogeneous solution (blue), the BCCs (black), and localized BCCs (red) for
a Brusselator RD system over a cuboid Q = (—l,,1,)? x (=I.,1,) with Neumann BC, I, = 7/(v/2k.), I, = 8l,,
where k. is the wave—number of a primary Turing bifurcation from the homogeneous solution branch. From
[UW18].

where the dependence on the control k = k(t,z) is hidden in the dependence on (v,w). Setting
u = (v,w) € RN we formally write as Oru = —G(u). However, ) shows "backward diffusion’
such that is not an initial value problem. Given initial states v|;—9 = vp, a possible strategy to
find pertinent (optimal) solutions of (8) is to

1. first compute canonical steady states (CSS), i.e., solutions u® = (v*, w®) of G(u) = 0;

2. compute canonical paths, i.e., solutions of that connect some vy to some CSS u®.

In, e.g., [Uecl@], this method has been used to identify patterned optimal harvesting strategies in a
semi-arid vegetation system.

The computation of steady states for can be seen as a continuation/bifurcation problem for
an elliptic system (by multiplying ) by —1), and hence as a standard application of pde2path.
However, the backward diffusion in ) makes the computation of periodic orbits and their stability
a hard problem, which in particular seems impossible to solve by shooting methods. pde2path’s Hopf
algorithms are based on collocation boundary value problem solvers, which are indifferent to time
reversal, but the computation of Floquet multipliers for Hopf orbits of systems of type needs a
particularly stable method for Floquet multiplier computations. In pde2path, this can be done using
pazschur from [Kre0OI].

As an example, in Fig. [f| we show results from the demo hopfdemos/pollution. Here we consider
a problem for optimal pollution mitigation, where the states v = (v, v2) = (v1(t, z),v2(t,x)) are the
emissions of some firms and the pollution stock, respectively, and the control k = k(t, ) models the
firms’ abatement policies. We refer to [Uecl8a) §3.4] for details, and here only remark that:

e For suitable parameters, spatially patterned time-periodic orbits can be candidates for optimal

solutions.

e Even on a 1D domain with a coarse spatial discretization of only 17 points the Floquet multipliers

of typical Hopf-orbits range from 10749 to 100, i.e., across 80 orders of magnitude.
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