Frontiers of invariant manifold approximation
in multiple-timescale dynamics
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A basic first step in the analysis of a singularly-perturbed system is the identification of its locally
invariant slow manifolds, together with their associated fast fiber bundles. We are concerned with
n-dimensional systems of ODEs of the general form

2/ = H(z,¢), (0.1)

where the parameter 0 < ¢ < 1 characterizes, for instance, a ratio of timescales in the under-
lying dynamical processes. Such a family defines a singular perturbation problem if there exists
a k-dimensional critical manifold S C {z € R" : H(z,0) = 0} of equilibria, where 1 < k < n.
For simplicity we take S to consist of a single connected smooth component, although more com-
plicated configurations are possible; for example, critical sets consisting of intersecting varieties
arise in biochemical models, and analysis of the flow near the ‘corners’ can play a crucial role in
reconstructing the global dynamics (eg. see [10]).
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Figure 1: Dynamics of a singularly-perturbed dynamical system 2z’ = H(z,e) = ho(z) + ehi(z) +
£2ha(2) modeling a hypothetical three-timescale reaction network, with e = 0.01. Trajectories with
initial conditions specified by the red points quickly settle near a critical surface, before slowly
drifting toward the light blue curve. The dynamics on the curve is ‘infra-slow.” See [16] for details.
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A celebrated—and by now rote—result of Fenichel [4] describes how invariant slow manifolds
and fast fiber bundles emerge as smooth perturbations of their singular counterparts under e-
variation. These objects in turn provide a geometric ‘skeleton,” organizing nearby solutions. This
result is a cornerstone of geometric singular perturbation theory (GSPT) (see for eg. [12, 19] for
exhaustive expositions). There has been very recent progress made on extending these classical
results to the case of more than two timescales [2), [11], but the story is far from complete. Fig.
depicts the dynamics of a representative three-timescale system.

We can rephrase Fenichel’s fundamental result in a way that emphasizes its computational con-
tent: the ‘singular’ objects, defined for ¢ = 0, are the leading-order approximations to the slow
manifolds and fast fibers. Rigorous analysis of the slow and fast objects typically requires knowl-
edge of the higher-order terms in their corresponding asymptotic expansions (in orders of €). This
leads us to our primary question:

How do we approzimate the slow manifolds and fast fibers, analytically or numerically, to arbi-
trary order in €%

Let us attempt to formulate the problem more precisely, at least for slow manifolds in two-
timescale problems. Suppose that the critical manifold S is locally expressible as a graph over
some choice of slow variables z € U C R*:

Sly == {(z,ho(x)) € S: 2 € U}.
Our goal is to compute an asymptotic expansion for the slow manifold S; nearby:
Sclr == {(x, he(z) = ho(z) + ehy(z) + -+ ePhy(e) +---) ER": x € U},

i.e. we seek iterative formulas for the higher-order terms h;>1 in terms of the derivatives of H
and hg,--- ,h;_1. We remark here that the slow manifolds are nonunique but are O(e~¢/¢)-close
(for some ¢ = ¢(H|y) > 0, where V' is a compact set containing S|i), so the asymptotic series is
well-defined.

The apparent dependence of the solution on an explicit choice of coordinates is undesirable. We
point out that the system need not be written over a global coordinate chart specifying slow
versus fast variables, and finding analogous local transformations can be complicated. This step is
taken for granted for systems written in the more restrictive standard form

' =eg(z,y,e)

y/ = f($,y,5)- (02)

There are many contexts in which this kind of global splitting is too artificial, since slow versus
fast processes are typically identified rather than slow versus fast variables. One can usually hope
that systems of the form will correspond to rescalings of in locally-defined regions of
the extended phase space. These observations motivate the development of coordinate-independent
algorithms to approximate slow manifolds and fast fibers.

In this article we explore two such algorithms: the computational singular perturbation method
[13, 14, 15] and a new type of parametrization method [16]. The point of view we want to emphasize



is that a careful study of the intrinsic geometry of not only naturally motivates each iteration
scheme, but also clarifies ‘for free’ why they both enjoy the property of coordinate independence.
For the parametrization method, this geometric emphasis turns out to be particularly fruitful: we
show that we can extend the method to tackle multiple-timescale problems, i.e. where more than
two distinct timescales feature in the dynamics, as in Fig.

1 Computational singular perturbation (CSP) method

The CSP method is a popular approximation scheme developed by Lam and Goussis [13| [14] to
study model reduction of chemical reactions. The geometric content of the method has since been
explored in depth and rigorous convergence theorems have been proven [7, [, O] 17, [I8]; we relate
some of these results here. The iteration step is motivated by understanding how the system
augmented by the variational equations (i.e. the dynamics on the tangent bundle ~ R?") transforms
under smooth coordinate transformations, when restricted to an invariant manifold. The CSP
method seeks to identify the ‘simplest possible’ coordinates to describe invariant manifolds and
their transverse fiber bundles.

Let A(z) denote a smooth n x n matrix which is regular for each z € S., and let B(z) denote
its dual. Expressing the vector field H in the new basis

it turns out that the variational equation transforms according to the action of a Lie bracket,
namely

g = B[A, H]y.

The Lie bracket [A, H]| is defined in the ‘natural’ way, i.e. columnwise in A. The key observation
that links this geometric fact with a computational method is that the operator

A = B[A, H]

can be block-diagonalized if the (point-dependent) matrix A is chosen ‘cleverly.” In fact the clever
choice is the natural one: we have an invariant manifold with a transverse fiber bundle, so at each
point z € S., we select the columns of A as follows:

Az) = (Af(2) As(2)), (1.1)

where the image of the n x (n — k) matrix A; spans the transverse fibers F. . and the image of
the n x k matrix A, spans the tangent space of S;, according to the splitting

T.R" = F.. ® T.S..

Such splittings are assured in the case of normally hyperbolic critical manifolds. The block structure
of A induces a corresponding block structure of its dual B:

5) = (5720)



The slow manifold and fast fiber bundle can be easily expressed in terms of B, (2) resp. Af(z).

Of course, if we knew S. and F; already we would be done; instead we only know the leading
order approximations S and F. We now ask for a method which, given an initial guess for a splitting
A(O)(z) (whose block columns span F, and 7,5, respectively, along points z € 5), produces a
sequence of matrices A (z), A(N(2), ... so that for each i, the corresponding variational operator

A = BOAO) ]

is ‘more block-diagonalized’ than the preceding operators in the list. The idea is that the pair
(A® B®) that does the job can generate O(&')-close approximations of the slow manifold and fast
fiber bundle. Zagaris, Kaper, and Kaper proved several convergence theorems of the following type
across a very detailed set of papers [7, 8, [9].

Theorem 1.1. [7] At a given iteration step j > 0, any asymptotic expansion of the ‘CSP manifold

of order j’ Kg(‘j) agrees with the corresponding expansion of the slow manifold Se up to and including
O(e7) terms.

Let us now describe the actual iteration step. A remarkable feature of the CSP iteration is
that near-identity transformations suffice for convergence (in the sense of the preceding Theorem).
Near-identity maps are not only relatively efficient to compute numerically; they are also easy to
invert. This is crucial, because we require the duals B®) (specifically, the first block row of B(i))
in order to approximate the slow manifold. The two-step CSP method is

Ay ACHD) = AG(T — U (I + L)
B s BUHY — (I — L;)(I 4+ U;) B,

where I denotes the n x n identity matrix and L;,U; denote, respectively, block lower- and
upper-triangular nilpotent matrices. The nonzero block components of L; and U; are defined so
that the method converges. A simple choice turns out to depend on block components of A,

Note that the two-step method involves computing two near-identity transformations, corre-
sponding to updating both block columns (resp. block rows) of A® (resp. B®). Thus we refine
our approximations of the slow manifold and the fast fibers simultaneously at the end of each iter-
ation. If we are interested only in slow manifold approximations, a corresponding one-step method
can be used to update only the first block column of A®) (resp. the first block row of B (i)). One-step
versus two-step variants also arise in the parametrization method.

We initialize the CSP method by first identifying (point-dependent) bases for the tangent space
and the transverse fast fiber bundle of the critical manifold S. Let

H(z,e) = Ho(z) + eG(z,¢).

Information about the geometry near to the critical manifold S C {z € R™ : Hy(z) = 0} can
be obtained from the eigenvalues and eigenvectors of DHy. The eigensystem can be numerically
calculated very efficiently. On the other hand, there are many families of systems for which

Ho(z) = N(2)f(2),

where N(z) is a matrix having full rank along S. This factorization can be interpreted as a
stoichiometric weighting in models of chemical reaction networks [6]; in the case of rational vector



fields, they can be even be (locally) constructed explicitly [5]. This factored form turns out to be
convenient for initializing the method, because N and D f provide information about the tangent
space and fast fibers near normally hyperbolic critical manifolds [I5], [19]. Taking our cue from the
‘clever’ choice , we select the initial condition

AV R) = (Ap(2) Aslz))
= (N(2) P(2)),

where P(z) is any matrix whose columns span the kernel of D f. With this initialization, further
iterations of the method can be written in terms of derivatives of N, f, and G giving effective
formulas. For example, suppose we choose any chart so that the slow manifold is locally given by

y = ho(z) + ehy(z) + O(?).
The CSP method then gives an explicit formula for the first-order correction:
hi = —(Dyf)"(DfN)"H(Df G).

We can derive similar kinds of formulas for the fast fiber bundle. We emphasize that we selected a
representation here only for convenience; the convergence is coordinate-independent. Factorizations
of the form Hy = N f obviate the need for any kind of ‘preparatory straightening’ to identify the
slow and fast variables.

2 The parametrization method

The CSP method seems to be particularly convenient when the base critical manifolds are implic-
itly defined as level sets of submersions; indeed, this is a natural starting point to define singular
perturbation problems. In this section we exploit the structure of parametrized critical manifolds,
i.e. manifolds defined as images of smooth embeddings.

First we recall a result of Feliu et. al. [3] regarding local coordinate representations of the
reduced problem. Let us consider the vector field and rescale time 7 = et, denoting ":= d/dr.
On this slow timescale, the flow on the slow manifold S. converges to the flow defined by the
following vector field as ¢ — 0:

5 =T11"(2)G(2,0). (2.1)

Here, IT° denotes a certain unique projection onto T'S. (Observe the role played by the remain-
der G(z,¢)). If we suppose that S is the image of a smooth embedding ¢ : U — R™, where U C R,
then we can define a vector field on U that is pushed forward (by D¢) to the reduced vector field
on S. Let L : R” — RF denote any left inverse of D¢ : RF — R"™. Then

£ = LTI (¢(£))G((8),0).

In other words, we obtain a local representation of (2.1)) in terms of the coordinates £ C U.

The operative notion that underlies this result is conjugacy. Suppose that r denotes the flow
on the chart parametrizing the invariant slow manifold. The flow and the integral curves on a



parametrised invariant manifold are linked to those of the underlying chart via the functional
relationship
D$-r=Fog,

or equivalently, by a commuting diagram:

U—— R

L]

TU —— TR"

Conjugacy is the basis of the parametrization method. The naive idea is to formally expand
the reduced vector field

r(&e) = er (&) +e%ra(&) + - -

and a smooth embedding

D(&,€) = o(&) + ep1(€) + 2o () + - - -

of the slow manifold in powers of €, and to match terms in the conjugacy equation. We arrive at a
list of so-called infinitesimal conjugacy equations for i = 1,2, -, of the form

F(riv(pi) = Gl(¢07 7¢Z‘—17r17” : 7Ti—1)'

So far the iteration is implicit: we need to solve the above equation for (r;,¢;) in terms of
the quantities ¢g, -, Pi—1,71,- -+ ,7i—1 by ‘inverting F.” The operator F is not invertible; under
reasonable geometric conditions, however, the operator is surjective, and all of the infinitesimal
conjugacy equations can be solved. The nonuniqueness of solutions for (r;, ¢;) is related to the
nonunique representation of S., depending on which embedding is chosen. More explicit forms of
the iteration can be obtained through the use of projectors.

A very similar procedure is applied to obtain approximations of the fast fiber bundle. The flow
on the fast fiber bundle is conjugate to the flow of a normally nondegenerate bundle on the chart,
and analogous infinitesimal conjugacy equations are obtained for the fibers.

It is interesting to highlight the ‘conservation of difficulty’ in concocting this method, compared
to the CSP method. In the CSP method, the iteration is explicitly defined, but showing that the
ith iterate of the method provides the corresponding ith order approximation to the slow manifolds
and fast fibers (equivalently, identifying the correct near-identity transformations in the iterations)
requires a tedious amount of analysis. In the parametrization method, starting from the conjugacy
assures that the ith order terms are the appropriate terms in the asymptotic expansion; on the
other hand, knowing whether the infinitesimal conjugacy equations can all be solved is not obvious
and requires proof. We also point out that approximations to the flow on the slow manifold as well
as the dynamics on the fiber bundle are simultaneously calculated in the parametrization method,
but not in the CSP method.



2.1 Probing multiple timescales

The conjugacy diagram in the previous section is easily extended to handle multiple-timescale
problems:

Um—l E— Um_2 s > U1 Uo
TUm_1 E— TUm_2 s > TU1 E— TU()

Geometrically, this corresponds to a nesting of invariant manifolds, each supporting a flow on
a distinguished timescale (see Fig. . The implication is that at each level of the nesting, we
encounter another singular perturbation problem.
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Figure 2: Sketch of a multiple timescale dynamical system having two nested slow invariant man-
ifolds Sj and S7. The coordinate chart U; is embedded as S5 C Uy = R"™ by #©), and the
coordinate chart U; is embedded as S] C U; by #M). The red point depicts the possibility of a
lower-dimensional invariant object (e.g. an equilibrium point, or a further submanifold introducing
yet another dynamical timescale).

The parametrization method reveals some surprises in the world of multiple-timescale systems.



A GSPT researcher might encounter a problem like
2" = Ho(z) + eHi(2) (2.2)

and expect two dynamical timescales; in fact, extra timescales may be hidden inside lower-
dimensional invariant submanifolds, and these hidden timescales may dominate the long-term be-
havior of typical trajectories.

Consider the following system which models a hypothetical incoherent feed-forward loop (IFFL),
an important motif in biochemical networks (see eg. [1]):

) 0 G173 — G2T1T2
zh | = 0 | +e| aszs—asms |,
zl —x3 1

where 0 < ¢ < 1 and a; = O(1) (i.e. the decay rate of the species x3 is much larger than all
the other reaction rates). Note that this system is given in the standard form . This system
admits a two-dimensional attracting invariant manifold {x3 = €}. Rescaling time as t; = et, we
identify another two-timescale problem on this manifold, given by

doy agr1x2 aq
dty — B + e . 23
@ ( — a4 ) (a3> (23)
Note that this reduced system is given in the more general form (0.1]) (specifically, of the form
(2.2). A further one-dimensional invariant submanifold {x9 = eas/a4, 3 = €} is easy enough to
calculate. The flow on this curve (on the infra-slow timescale to = £2t) is governed by
da:l asas

— =a; — . 2.4
dtQ “ aq o ( )

The parametrization method demystifies the emergence of such hidden timescales in more com-
plicated problems. The term G3 in the second infinitesimal conjugation consists of several terms,
only one of which is the coefficient of an €2 term in the vector field; in other words, derivatives of
b0, $1, Ho, Hy can conspire to produce nontrivial O(g?) flow on a lower-dimensional submanifold.
Note that these derivatives are related to intrinsic geometric characteristics of the dynamical sys-
tem, like the curvature of the vector field and the invariant manifolds. In the IFFL example, the
geometric ‘culprit’ giving rise to infra-slow flow turns out to be a term depending on DH; and ¢
(the e-order term in the embedding ¢ = ¢g + £¢1 + - -+ of Se).
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