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This article presents work that was completed by a number of contributors including
Baldzs Barany, Erik Boczko, Nathan Breitsch, Xue Gong, Richard Buckalew, Bastien Fer-
nandez, Tomas Gedeon, Luke Morgan, Gregory Moses, and Alexander Neiman. This
project received support from NIH-NIGMS grant RO1GM090207.

Background: Yeast Autonomous Oscillations

We have been studying ensemble models of the mitotic cell division cycle in which cells
in one fixed region of the cycle S (Signaling) produce chemical signals that affect the
growth and development rate of cells in another fixed region R (Responsive).

Our motivation has been to understand Yeast Autonomous Oscillations (YAO), a phe-
nomenon that has been observed in experiments for at least 60 years [8, 15] and remains
a topic of interest for various biological reasons [9, 22, 5]. In YMO, budding yeast (Sac-
charomyces cerevisiae) enter stable periodic oscillations between aerobic and anaerobic
modes of metabolism. In Figure 1 we present an example of a culture entering YMO
with a period of about 4 hours.
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Figure 1: Budding yeast in a bioreactor entering stable metabolic oscillations (YMO).
The measured quantity is the dissolved oxygen in the bioreactor.

A link between YAO and the cell division cycle (CDC) was noticed as early as [15, 25],
but this connection was obscured by the fact that the YAO oscillations had a shorter
period than the CDC in the experiments. The connection seems to have been ignored
until it was again noted in genetic expression time series [13, 14].

Since yeast is a model organism, it is important to understand the interconnectedness
of its CDC and metabolism. Yeast are used in many bio-engineering processes and un-
derstanding their metabolism and cell cycle is of interest in these applications. Further,
the CDC is a topic of intense general interest and progress has been made in identifying
many genetic and biochemical agents controlling the CDC.
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Figure 2: Illustration of the cell cycle of budding yeast.

The CDC of budding yeast consists of 4 distinct phases:

G1: growth phase, begins with cell division

S: replication phase, begins with budding
e G2: second growth phase

e M: narrowing or ‘necking’, ends in cell division

In [2], based on data in [18], we proposed cell cycle clustering as a possible explanation
of the interaction between YAO and the CDC. By clustering we mean groups of cells
traversing the CDC in near temporal synchrony, i.e. a type of phase-synchronization.
It does not involve spatial clustering, since YAO occur in well-mixed bioreactors. In
[2, 26] we studied general forms of (1) (below) with the hypothesis that cells in one part
of the CDC may influence CDC progression of cells in other parts of the CDC through
diffusible metabolites or other chemicals. For example, a cohort of cells in the critical
replication phase might effect metabolism production and the metabolites may in turn
inhibit cell growth in the later part of the G1 phase, thus setting up a feedback mecha-
nism in which YAO and CDC clustering are intertwined.

Model, Simulations and Experiments

The model we introduce below is based on two well-established biological facts about
the cell cycle:

B1. Different and complex chemistry occurs in each phase.

B2. Chemicals in the media can influence cells differently in different phases.



See [16] for a review of some of the biological literature supporting these two facts in the
context of budding yeast.

Guided by Bl and B2 we began studying a model of the cell cycle as a circle and on
this circle we consider a collection of n cells; the position of the i-th cell is denoted by
z; € [0,1) = S Cells in a specific region S C [0,1) (Signaling) affect the development
rate of cells in another fixed region R C [0, 1) (Responsive), see Figure 3. The progression
of the cells is governed by the equations:

dt 1+ f(I), if z; €R,
where . g
I(z) = M (fraction of cells in the signaling region). (2)
n

The “response function” f(I) in (1) should satisfy f(0) = 0, f(I) > —1, and be monotone,
but may be non-linear, for instance sigmoidal, and either positive or negative. When a
cell reaches 1 (division) it returns to 0 (birth).

Figure 3: Our coordinate representation of the cell cycle and (weakly clustered) groups
of cells from a negative feedback simulation with n = 200 and parameter values s =
.25 and r = .75. Positions of individual cells are denoted by red asterisks. Stochastic
noise was added in this simulation to separate cells and illustrate robustness. In this
coordinate system the S region is the interval [0, .25) and the R region is [.75, 1).

The behaviour of a cell in this model is simple: It progresses through the cycle with a
normalized rate of 1, unless it is in the responsive region R and there are simultaneously
cells in the signaling region S influencing its rate of progress.



By a cluster, we mean a group of cells that are synchronized in the CDC. If a cluster is
stable in an ideal model, then in a real system with noise we expect to observe weakly
synchronized groups of cells. We found in numerical experiments using variations of the
model and random initial conditions that solutions tend to form clusters very frequently.
See Figure 3 for an example of a clustered final distribution from a simulation.

Guided by these simulations and some preliminary analysis of the model, we sought to
verify the existence of CDC clusters in experiments. We found clustering in two types of
oscillating yeast cultures using both bud index and cell density data [2, 24]. See Figure 4.
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Figure 4: Experimental time series from a continuous culture of budding yeast in YMO.
Dissolved O % (green), bud index % (blue) and cell density (red) are plotted vs. time.
The average cell cycle period was about 400 minutes. The plot shows clearly that the
bud index (% of cells with buds from microscopy) and cell density (by flow cytometry)
are both entrained with the oscillation in dissolved O,. The plot shows that there are
two temporal clusters of cells of nearly the same number of cells. They are traversing
the CDC in anti-phase.

Mathematical questions

While the discovery of clusters in yeast experiments was very satisfying, we are primar-
ily Mathematicians and we were confronted by many questions about the dynamics of
(1). For example,

1. When do clustered solutions exist?
2. What are the differences between systems that Synchronize and those that Cluster?

3. What determines how many clusters form?



4. When are clusters asymptotically stable?

We have sought to answer these questions in subsequent years. It turns out that the
dynamics of the model are very rich and contain many surprises. We describe some of
our results in the rest of this article, beginning with the first question.

In the model (1), if a cluster of cells is synchronized, then that cluster will persist, so
we may reduce the dimension of the system to £, the number of clusters. Among all
clustered states, it is natural to first consider those that are are associated with periodic
solutions.

Definition 1 A clustered solution {z;(t)}F_, is k cyclic if 3 a time d > 0 s.t.:

Il(d):l’H.l(O) 4 izl,...,]{?—l,
and xp(d) = x1(0) mod 1.

There are two Special Cases:

o k =1-synchronized.
o k = n - uniform.

In the uniform solution cells are “maximally spread out”.

It turns out that cyclic solutions always exist.

Theorem 2 If k is a divisor of n, then a cyclic k cluster solution exists consisting of n/k cells in
each cluster.

In particular, the synchronized solution always exists (obvious) as does the uniform
solution (not obvious).

Poincaré Section, Return Map and the Map F

We say that a hyper-surface ¥ is a Poincaré section if ¥ is transverse to ¢(z) at every
x € 3 and every solution reaches ¥ in finite time. For any x € ¥, ¢'(x) will return to ¥
for a minimal ¢* > 0. Define II(x) to be the return point.

For our system, since @; > 0, any set {z; = ¢} is a Poincaré section. We will use ¥ =
{1 = 0}. A fixed point of Il is a periodic orbit for the flow.

Our strategy in will be to use the map F'illustrated in Figure 5. The map F'is defined by
flowing until z4(¢) = 1, then reordering indices. F': S — 5,5 ={0 <z, <... <z, < 1}.
This definition of F is a useful tool for the proof of existence of k-cyclic solutions.

F* is the Poincaré return map.

Idea of the Proof of Theorem 2:
F permutes the boundary of S + Brouwer FPT =
F has interior fixed point <= k-cyclic solution.
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Figure 5: An illustration of the map F' with k = 3; F(xq, z2) = (2, 25).

We can also use F' to study solutions for small % in detail. For example in Figure 6 we
present F' calculated explicitly for £ = 2 in both possible cases. From F' we can infer all
dynamics in the 2-cluster submanifold.
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Figure 6: F for k = 2 with positive feedback in the two possible cases: (a) 7 + s < 1. (b)
T+ %s > 1.

Negative vs. Positive Feedback

If the regions R and S are small (|R| + |S| < 1/2) then it is not hard to see that clus-
tered solutions may exist in which clusters never interact with each other and that such
solutions are neutrally stable.

Let M = [(|R| +|S])™']. We can show that M is the maximum number of clusters that
can exist without interactions. In Figure 7 we plot the number of clusters that form in
simulations compared with M for both positive and negative feedback.

For positive feedback we can prove the following proposition: The synchronized solution
is the only asymptotically stable periodic solution.

For negative feedback, on the other hand: An isolated cluster is unstable under negative
feedback.

Stable clustering apparently requires negative feedback and interaction between clus-
ters.

Stability of k-cyclic solutions for negative feedback
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Figure 7: Numerical experiments with positive and negative feedback. The number
of clusters formed starting from random initial conditions, compared with M. With
positive feedback we only observe synchronized solutions and solutions with £ < M.
For negative feedback clusters usually form. The number of clusters £ depends on the
size of the regions R and S and we always observe k > M.

Next we turn our attention to the question of stability of k-cyclic solutions which hap-
pens to be quite fascinating.

Note that our model has two parameters s and r that describe the sizes of the signaling
and responsive regions S and R. Our parameter space is thus the triangle 0 < s <r < 1.
We showed that given k this parameter triangle is subdivided regularly into k* smaller
triangles that describe the stability of cyclic solutions [3]. In Figure 8 we produce these
regions for the cases k = 2,...,9. In these plots, Blue indicates Asymptotically Stable,
White signifies Neutrally Stable, and Red means Unstable.

Amazingly these stability regions depend on number theoretic relationships. In the case
that % is prime, the coloring of regions is absolutely regular. For k composite the ar-
rangement of stable and neutral regions is much more complex. As it turns out that if
one numbers the regions with a corner on the boundary, starting from any corner, then
the triangle numbered i is stable (blue) if and only if ¢ and % are relatively prime [17, 21]!

In [3] we made the following conjecture based on the Figure 9 and similar plots.

Conjecture: Clustering is Universal for Negative Feedback. Specifically, the stable regions cover
the interior of the parameter triangle 0 < s <r < 1.

This conjecture has recently been proven in the case that the feedback function, f, is
linear [21]. The proof relies on the number theoretic relationships of the stable triangles.
Figure 10 illustrates one of the main ideas of the proof. If k£ is composite, and, (k, i) are
not relative prime, the corresponding triangle, though not stable is covered by a larger
triangle corresponding to k/gcd(k, ) and ¢/gcd(k, 7).
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Figure 8: Stability properties of the k-cyclic solutions in parameter space for k = 2,...,9.
Blue - Asymptotically Stable, White - Neutral, Red - Unstable.

Note in Figure 9 that there are many regions of bi-stability or multi-stability.

Positive Feedback and Instability of the Uniform Solution

In Figure 11, we present the same plots, but with positive feedback. For positive feed-
back clustered solutions are never stable. This was proved in [1] for any k£ > 2, including
the case k£ = n, i.e. the uniform solutions is unstable under positive feedback.

Note that for negative feedback in plots in Figure 8 the interior triangles are mostly red,
indicating instability of the £ clustered solution. In [1] we proved instability for over half
of the interior subtriangles under negative feedback. Again, this includes the uniform
solution (k = n).

In terms of applications, uniform and cyclic solutions with £ small are very different in
kind. In the uniform solution the cells are “maximally spread out”; this corresponds to
the “steady-state” solution found in PDE models of the cell cycle. Without feedback,
but with some form of dispersion or noise such as random division times, the steady
state solution is stable [7, 12]. These results suggest that in real systems with a feedback
mechanism, there is competition between the phenomena of clustering and dispersion.
Dispersion due to internal and external noise sources tends to stabilize the uniform so-
lution, while feedback tends to destabilize the uniform solution and stabilize either syn-
chronous or clustered solutions. Gong et al. [11] used yeast autonomous oscillation data
and simulations with biologically relevant noise to conclude that a relatively large feed-
back, on the order of 30% slow down for negative feedback, was necessary to destabilize
the uniform solution and produce coherent clustering as seen in the experiments.



Regions of k-cluster Cyclic Solution Stability, k=2 to 7
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Figure 9: Overlay of stable regions for £ = 2,...,7. Every interior point is covered by a
stable region for some k.

Some Conclusions for General Cell Cycle Feedback

In summary we have obtained some answers to the mathematical questions presented
earlier.

e Systems that Synchronize and Cluster are very different!
e Positive Feedback robustly produces Synchronization.
e Clustering is a robust phenomenon for Negative Feedback:

— Number of clusters depends of size of S and R.
— Not dependent on functional form of feedback.
— It occurs for large open sets of parameter values.

— It requires interaction among clusters.

Some variations on the model

In (1) we ignore variables that represent signaling agents, assuming that the time-scales
of the dynamics of these variables are significantly shorter than the time-scale of the
CDC. Buckalew [4] considered a model with a term z representing some substrate factor
that influences growth rate and z itself is coupled with z :

T; = Lotz ¢_R Z=al — pz. 3)
1+ f(2), if z;€R,

Here [ is the fraction of cells in S as before.
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Figure 10: Left: Blue triangles are the relatively prime sub-triangles for £ = 12. Right:
Overlay of the relatively prime sub-triangles for £ = 2 (yellow), 3 (red), 4 (green), 6
(black) over k£ = 12 (blue).

Immediately one sees that some results do not carry over, e.g. an isolated cluster is not
linearly unstable under negative feedback, and in fact is linearly stable.

In [4] Buckalew studied how to recover the immediate model from the mediated model
and found that the limit is singular in surprising ways. We note that the precise rate con-
stants o and 1 are hard to estimate and will vary by experiment. Using measurements
from [6] we estimate that o and y in normalized coordinates may be on the order of
O(10?). For « and y at even modest values, the equations (3) are strongly contractive in
the z direction. This suggests the possibility that the dynamics may be projected onto a
strongly attractive “slow” manifold. In figure 12 we show the outline of such a manifold
in a Poincaré section in the model.

In Figure 13 we compare stability regions predicted in section 2.1 with the model (1) and
the mediated model (3). Observe that for the number of clusters realized in simulations
is nearly always the same.

In [16] we investigated the possibility that YMO and CDC clustering of cells could be
due to an interplay between near-critical metabolism and cell cycle checkpoints. A
checkpoint is a position in the cell cycle where further progress may be stopped, e.g.
because of insufficient resources. We construct a model of that incorporates checkpoint
gating and metabolic mode switching that are triggered by resource thresholds. We in-
vestigated the model analytically and proved that there exist open sets of parameter
values for which the model possesses stable periodic solutions that exhibit metabolic
oscillations with cell cycle clustering. Simulations of the model give evidence that such
solutions exist for large sets of parameter values. This demonstrates that checkpoint
gating coupled with resource criticality can be a robust mechanism for producing the
phenomena observed in experiments.

In [10] we considered the model (1) except with a small gap included between the R
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Figure 11: Instability of clustered solutions for positive feedback, k = 2,...,9. Multiple
Clusters are NEVER Asymptotically Stable.

Figure 12: The Poincaré map for the mediated
model with negative feedback, 2 clusters and o =

2-cluster Poincaré map, a,:=2.0
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and S regions. The gap is intended to mimic a delay between production and action
of the signaling agent(s) responsible for feedback. The time scales of many of the pro-
cesses necessary for signaling, such as metabolites passing through the cell membrane
are known and are small compared with the period of YMO oscillations. We found that
a small gap does not greatly effect the number of clusters that form (it causes small per-
turbations in the boundaries of parameter regions where different numbers of clusters
are stable). However, we found that a gap enhances the stability of stable clusters. In
Figure 14 we investigated the convergence of a solution to a stable 4 cluster solution,
comparing the model with and without a gap.

Uneven clusters

In all of the above, we considered k clusters with n/k cells in each cluster, i.e. evenly
distributed clusters.

What about uneven clusters? Can clusters be unequal?
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Figure 13: Theoretical stability regions compared with the number of clusters that form
in simulations of the basic model (1), and the mediated model (3) with parameters a =
p = 720 (right) as a function of the parameters r and s. In all of these f(I) = —1.

Suppose that for a certain set of parameters the 2-cyclic solution is asymptotically stable.
What happens if we make one cluster bigger than the other? Let 0 < a < 1 denote the
fraction of cells in the smaller cluster.

It turns out that uneven clusters are locally asymptotically stable in the clustered sub-
space.

Theorem 3 Let v = f(a)and f = f(1—a) fora < 1/2and f < a < 0. Then forr —s < 1/2,
within the subspace of two cluster solutions with weightings a and 1 — a, there exists a unique,
attracting periodic orbit for which the two clusters are distinct. The synchronized solution is a
repelling periodic orbit in this subspace.

How do cell actually distribute themselves into two clusters? In Figure 15 we plot the
results from 1000 simulations of 1000 cells starting from random initial conditions. We
use the model (1) with f(I) = —.6/, s = 0.4 and r = 0.65. For these parameter values,
the 2-cyclic solution is stable. After the simulation runs for about 100 cycles, we identify
clusters, count the cells in each cluster and find the absolute difference. In the figure we
plot a histogram of the distribution of |differences| in # of cells/cluster.

Theorem 3 is concerned with local stability in the clustered subspace. With equal clus-
ters, subspace stability implies full stability [17], but we have no such result in the case
of uneven clusters. In fact, we have shown [19] the following which explains the tightly
even distribution of cells into clusters seen in Figure 15.

Theorem 4 In the full phase space, local stability is lost when clusters are not equal.

However, for the model with an included gap we find the following.
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Figure 14: Convergence to a 4-cyclic solution comparing the model (1) with a gap and
without. A gap (which mimics a delay) enhances the stability of stable clusters.

Theorem 5 With a gap, if a periodic solution with uneven clusters is local asymptotically sta-
bility in the 2 cluster subspace then it is local asymptotically stability in the full phase space.

In other words, unequal clusters can be locally asymptotically stable. If we repeat the
simulations illustrated in Figure 15, but with a small gap, then we obtain Figure 16. With
a small gap, the uneven 2 cluster solution is locally stable, but: clusters are still more
evenly distributed than expected from assignment by an independent random process.

In order to understand this, it is necessary to look not only at local dynamics, but also
at global dynamics. In Figure 17 we consider the effects of two large clusters in a stable
periodic orbit on the dynamics of a single cell. The red dots represent the Poincaré
map of a single cell from various initial conditions (horizontal axis). For some initial
conditions the single cell will eventually be attracted to cluster 1 and for others it is
attracted to cluster 2. The parameter a represents the fraction of cells in cluster 1 (at
x = 0). Solid black dots indicate the stable positions of the large clusters.

We observe in Figure 17 that making clusters uneven shifts the basins of attraction of
the clusters. When the clusters have the same number of cells, then the sizes of the
basins of the two clusters are nearly equal. But, as one cluster becomes larger, its basin
becomes smaller, while the basin of the smaller cluster becomes larger. Thus as clusters
are forming, division of cells into clusters is not independent of previous assignments.
Cells will be more likely to join a smaller cluster than a larger one.

Conclusions about Unequal Clusters
e Clustering is a robust phenomenon for Negative Feedback:
e Stable clustering requires interaction among clusters

e Interaction favors equal clusters
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Figure 15: Distribution of cells into two clusters from simulations staring with random
initial conditions compared the distribution that would be expected from independent
random processes (binomial distribution). Cells are much more equally distributed than
they should be. This can be explained by loss of local stability in the full phase space.
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Figure 16: Distribution of cells into two clusters from simulations with a gap staring
from random initial conditions. Comparing with the distribution that would be ex-

pected from independent random processes (binomial distribution), cells are still more
equally distributed than they should be although uneven clusters are locally stable.
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Figure 17: For a = .5 the basins of the two clusters are nearly equal. For « = .4 and
smaller, the small cluster has a much larger basin.

e Global, not Local, dynamics have a large influence.

We think that this is a fairly general principle: systems that form temporal clusters via non-
local coupling tend to form nearly equal clusters.
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