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I am a Mathematics PhD student at Drexel University working on stochastic homogenization of Fermi-Pasta-
Ulam-Tsingou (FPUT) type systems with spatially varying properties. Problems that infuse randomness into
classical systems interest me because the randomness may or may not affect the qualitative or quantitative
phenomena in unexpected ways. One famous example where the effects of randomness cause an unexpected
phenomenon is Anderson Localization [4]. This is due to the surprising fact that certain random Laplacians have
entirely pure point spectra [2].
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Figure 1: One-dimensional infinite spring-mass system with spatially varying masses and springs

In my work, I study the existence and behavior of propagating waves in the context of lattices composed
of randomly varying springs and masses [5]. Stochastic homogenization is well-understood for continuous
systems: possible approximate solutions are found by taking the rapidity of the spatially varying coefficient to
infinity [3]. In the spatially discrete domain however, one must look for solutions in the long wave limit. In both
fields, multiscale homogenization is used to derive effective equations. Homogenization allows one to use the
large length of the wave to average over large swaths of the lattice at once. One would then suspect that by the
strong law of large numbers, such an average would approach a statistical mean. The real work is in trying to
analytically prove that the effective equations are valid, and if they are, to what degree and for what time scales
do the solutions to the effective equations approximate solutions to the system. My advisor, J. Douglas Wright,
who had proven the existence of approximate-soliton solutions for very long time scales in the periodic case [7],
wanted to see if something similar happened in the random case, which is how the project began.

The basic form of the equation I study is

m( j)ü( j) = k( j)[u( j+1, t)−u( j, t)]+ k( j−1)[u( j, t)−u( j−1, t)] (1)

where the coefficients m( j), the "masses", and k( j), the "springs", are random. The equation can be derived from
the forces acting on an infinite spring-mass system as in Figure 1, or from the electrodynamics of an infinite LC
circuit [1] if the k( j) are taken to be constant. Respectively, u( j) is the position of the jth mass or the voltage
of the jth capacitor. What we have been able to prove so far is that in the one-dimensional setting, when the
masses and springs are i.i.d., solutions to (1) can be approximated well by solutions to the wave equation with

wave speed c =

√
k̃
m̄

up to times proportional to the wavelength. This, unlike Anderson localization, is expected,

literally, since
1
k̃
=E

[
1

k( j)

]
and m̄ =E[m( j)], but also figuratively because it mirrors results in the more studied

continuous world of PDEs. In our argument we prove two types of approximations, both of which depend on the
analysis of random walks.

The first approximation is valid with probability one and hinges upon the classical result known as the law
of iterated logs. The law of iterated logs is a very sharp description of random walks. It gives us a boundary
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Approximating FPUT by the wave equation

Figure 2: The wave and FPUT with randomly chosen masses are shown both at initial positions and at a time
that is not much longer than the wavelength.

for which the magnitude of a random walk is larger only finitely many times. However, the magnitude of a
random walk approaches the boundary from below infinitely many times. The only problem with this approach
is that, although one can say the approximation gets better as the wavelength gets larger, one really has no idea
how good the approximation is for a fixed wavelength. This is due to the fact that a random walk crosses the
boundary a finite number of times which could, in principle, still be a big number. The second approximation is
an approximation in mean and requires the use of maximal inequalities. It complements the first result by giving
concrete estimates on how good the approximation is, in terms of standard deviations. This allows us to say that
smaller standard deviations of the random coefficients allow for better approximations. Figure 2 gives a visual
idea of just how good this approximation is. The result is both intuitive and rigorous, and we think all but sharp.

Attenuation over extremely long time

Figure 3: From top to bottom we see the wave amplitude for constant mass, periodic mass, and random mass
configurations. The final time is orders of magnitude larger than the wavelength.

In the remaining time I have left at Drexel, I aim to generalize our first result to arbitrary dimensions, which
I already have an idea about how to do. The tactic is not so simple as in one-dimension, but results have already
been proven for the periodic case [6]. Then, after having established a rigorous foundation for the existence of
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traveling waves on such systems, I would like to study traveling waves over larger time scales. For example,
could one approximate the distribution of true solutions for longer times by the law of a traveling wave with an
amplitude or speed that is a random variable? In addition to that, I would like to quantify, or at least rigorously
justify, the apparent faster attenuation, see Figure 3, and perhaps even localization of the solutions that one sees
in the case of random coefficients. Finally, it would be interesting to see if the technique could work on other
similar lattice systems.

Everything else

Outside of my research, I enjoy playing ultimate frisbee, reading fiction, and learning about science. I am an
avid piano player, having played since I was 5. Bebop is my favorite genre to play, but my cat purr-furs when I
play smooth jazz.
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