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1 Introduction

Climate change and pandemic dynamics are just a few of the pressing complex systems challenges that society is
concerned with. Any mathematical model for a complex system is necessarily a reduced picture of reality. Yet,
nonlinear dynamics models, e.g., involving differential equations, have proven incredibly helpful to understand
typical effects and phenomena. To bridge reduction to realism, a common path is via stochastics. The idea
is to encode extrinsic and intrinsic degrees of freedom using uncertain parameters or even include a stochastic
process forcing the differential equation. There has been a long history trying to tackle the latter case focusing
on stochastic ordinary and stochastic partial differential equations (SODEs/SPDEs). In this context, major
technical complications arise as one deals effectively with non-autonomous dynamical systems, which also require
tools from stochastic analysis. If the stochasticity is static in time, i.e., if one considers random ordinary or
partial differential equations (RODEs/RPDEs) with uncertain parameters, technical complications seem to be
reduced. After all, once parameters are sampled, one deals with a classical autonomous ODE/PDE. A focus
has been put historically on the inverse problem of estimating parameter distributions from data, which is
well-studied within the community of uncertainty quantification (UQ). Due to this history, one has almost
completely overlooked the problem of pairing nonlinear dynamics with forward UQ, which itself poses several
serious challenges as discussed below. More precisely, it is crucial for applications to study, what happens
when we feed through nonlinear science concepts a parameter probability distribution. Here we provide an
exposition to an entire research program currently in progress to develop new methods for nonlinear dynamics
of RODEs/RPDEs. For exposition, we restrict to RODEs of the form

dx

dt
= x′ = f(x, p, q) (1.1)

where x = x(t) ∈ Rd is the unknown, p = p(ω) ∈ RM are random parameters defined on a probability space
(Ω,F ,P), q ∈ RN are deterministic/control parameters, and f : Rd+N+M → Rd is a sufficiently smooth vector
field. If we sample p(ω), then for each fixed (p, q), standard existence and uniqueness ODE theory applies
to (1.1). Hence, one is misled to believe that the standard tools from nonlinear dynamics carry over such as
stability analysis, bifurcation theory, invariant manifolds and related techniques. Yet, this is only very partially
correct. In fact, all objects we are accustomed to also become random. To actually make applicable conclusions,
it is a natural task to analyze these objects from a probabilistic viewpoint. To illustrate this concretely, consider
the following objects:

(R0) random equilibria x∗(ω, q) satisfying f(x∗(ω), p(ω), q) = 0,

(R1) random periodic orbits γ(t, ω, q) = γ(t+ T (ω, q), ω, q),

(R2) random stable/unstable eigenspaces and random stable/unstable manifolds,
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(R3) random bifurcation coefficients c(ω, q), e.g., Lyapunov coefficients,

(R4) random bifurcation diagrams.

It is often reasonable to assume that at some level, we deterministically have some information. For example,
it sometimes makes sense to assume for (R0) that certain equilibrium branches are deterministic and well-
understood; as concrete examples, think of the state of no infected individuals in epidemics or the state of
a fluid at rest. Yet, most differential equations from applications will have dynamical objects that become
random sets, when there are random input parameters present. The challenges we have to address are quite
broad. One may ask, how to quantify the uncertainty of an object? Can we determine a suitable probability
distribution associated to it? Is the computation possible analytically, or only numerically? If so, what are
efficient algorithms? How to visualize the results? How to utilize the results in applications, e.g., how to
quantify risk in nonlinear systems? Developing a toolbox to answer these questions is a program for several
decades of research but recently several steps have been made, which we outline here. A main example we are
going to use is a RODE version of the Lorenz equations

x′1 = ζ(x2 − x1)

x′2 = rx1 − x2 − x1x3
x′3 = −βx3 + x1x2,

(1.2)

where some of the parameters (ζ, r, β) will be considered to be random but all random input parameters are
assumed to be independent for the remainder of this article.

2 Polynomial Chaos Expansions for Random Invariant Sets

2.1 Numerical Approximation

We first discuss the study of (R0)-(R2), and more generally of random invariant sets, assuming the invariant
set under consideration can be smoothly parametrized by p. In other words, we stay away from bifurcations for
the moment, but we will come back to them in Section 3. Furthermore, we assume that p has a known density
function ρp.

In that context, an efficient way of numerically approximating some random invariant sets that can be
generated by RODEs is to use polynomial chaos expansions (PCE). If we consider for instance a random
equilibrium x∗(ω, q), this would mean looking for an approximation of the form

x∗(ω, q) ≈
N∑
n=0

x∗n(q)φn(ξ(ω)), (2.1)

where ξ is a given random variable with density ρξ, and the expansion basis (φn)n≥0 is a family of orthogonal

polynomials associated to the weight ρξ, i.e., such that
∫
φnφmρξ = 0 for m 6= n. Since the random equilibrium

x∗(ω, q) is a (nonlinear) function of p, it is natural to choose ξ = p, and the corresponding basis is then optimal
regarding truncation errors in L2

ρp norm, and therefore typically leads to accurate approximations (at least in
terms of some relevant statistics like the mean and the variance) with small values of N . The key point to
notice here is that all the randomness is carried inside basis functions φn, and that the unknowns coefficients
x∗n(q) are fully deterministic. Using for instance some Galerkin or collocation method, one can therefore resort
to well-established numerical algorithms in order to solve for these coefficients.

Such a strategy goes back to the work of Wiener [19] (in the case of Gaussian variables, with the associated
orthogonal polynomials being Hermite polynomials), and has become very popular in uncertainty quantification
once it became apparent that many other random distributions could be handled in a similar fashion [21].
However, it has mostly been used to study either initial value problems or equilibrium solutions (R0), of RODEs
and RPDEs.

The work [3] showcases that a similar strategy can actually be used with a dynamical system viewpoint, in
order to study not only equilibria but also more general invariant sets, by looking for a random parameterization
using a PCE. In the case of periodic orbits (R1) for instance, a natural description for a deterministic periodic
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orbit is given by Fourier series, and we just expand each Fourier coefficient using polynomial chaos :

γ(t, ω, q) ≈
K∑

k=−K

N∑
n=0

γn(q)φn(p(w)) exp

(
i

2πt∑N
n=0 Tn(q)φn(p(w))

)
. (2.2)

Notice that, for a RODE, the period T = T (ω, q) of a random periodic orbit is also random, therefore we also
approximated it using a PCE.

Once such an approximation of a random periodic orbit has been computed, we immediately have access to
some statistics like the mean and the variance of the period, but the PCE also encodes precise information about
the localization of the random orbit in phase space. Moreover, the PCE allows us to do very cheap sampling,
and for instance to visualize the probability density function (PDF) of the period T . Some example results
for the Lorenz system (1.2) are presented in Figure 1 (taken from [3, Figure 10]), where we consider p = r as
a random parameter taking values in [18, 38], q = (ζ, β) as deterministic parameters, and compute a random
periodic orbit using a truncated Fourier×PC expansion.
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(a) Some of the periodic orbits
contained in the expansion, in red
for r = 18, in green for r = 28 and

in blue for r = 38.
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(b) PDF ρT (s) of the period T
when r follows a uniform
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(c) PDF of the period when r
follows a symmetric Beta

distribution of parameter 20,
supported on [18, 38].

Figure 1: We illustrate here some of the information that can be recovered from the Fourier×PC expansion of
the random periodic orbit. The computations where done for ζ = 10, β = 8/3, K = 80, N = 10 and r a random
variable taking values in the interval [18, 38].

Other random invariant sets such as random local stable/unstable manifolds (R2), or random connecting
orbits, can be approximated using PCE in a similar fashion, and we refer to [3] for the details.

2.2 Rigorous validation

One important issue that was ignored in the previous subsection is the one of the accuracy/reliability of the
obtained approximation. This is especially relevant because, even for deterministic ODEs and PDEs, simply
proving the existence of global solutions like periodic or connecting orbit is often very challenging, at least outside
of perturbative/asymptotic parameter regimes, hence guaranteed a posteriori error estimates are typically also
lacking.

However, it turns out one can remedy both problems at once, thanks to an a posteriori validation procedure
which provides both the existence of a periodic orbit (or of the other types of invariant sets previously mentioned),
and an explicit error bound controlling the distance between this solution proven to exist and the approximation
computed using a truncated PCE like (2.2).

Starting from the proof of the Feigenbaum conjecture [10], this type of computer-assisted constructive
existence results has become more and more common for deterministic problems, in particular in combination
with numerical approximations using truncated Fourier series and Chebyshev series [1, 4, 11]. These techniques
are based on a kind of Newton-Kantorovich theorem, whose assumptions are checked with a combination of
pen-and-paper and numerical computations, the latter being done with interval arithmetic [14, 15] to ensure
that even rounding errors are controlled (see e.g. [18] for a broader discussion of the whole procedure). These
techniques were generalized in [2] to a wider framework which encompasses several PCE corresponding to
probability densities with compact support, like Legendre polynomials (uniform distributions), Gegenbauer
polynomials (symmetric Beta distributions), and tensor products of those.
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As an example application, the approximate random periodic orbits of the Lorenz system discussed in
Section 2.1 (see Figure 1) can be validated. For instance, in the case where r is assumed to be uniformly
distributed in [18, 38], we proved the existence of a random periodic solution of (1.2), at a distance less than
1.4 × 10−4 (in some weighted `1 norm) from the approximate solution. In particular, we now have access to
both an approximate expectation of the period of this random periodic orbit based on the PCE: E(T ) ≈ 3.9286,
and a guaranteed error bound: |E(T )− 3.9286| ≤ 4× 10−4 .

3 Bifurcations for Random ODEs

3.1 Polynomial Chaos Expansion & Bifurcation Type

Polynomial chaos expansions (PCEs) cannot only be used for (rigorous) computational arguments for random
invariant sets but also to address random dynamics close to bifurcations. PCE offers one possibility to connect
the random setup with already existing theory in the purely deterministic setting [9, 17, 20], where it is known
that parameter variations can induce qualitative changes in the structure of the flow. The pitchfork bifurcation
is one classical example. In its normal form, i.e. in terms of the locally governing dynamics, it reads as

x′ = qx± x3. (3.1)

There is a smooth transition to the new equilibrium branch for −x3 and a critical transition (passing of a 
tipping point) occurs for +x3 (see video link). A pitchfork bifurcation can also be found in the Lorenz system 
(1.2), for which the origin is always an equilibrium. We take (p1, p2) = (ζ, β) as random parameters and q = rψ
as a deterministic parameter. When we vary r, the origin undergoes a pitchfork bifurcation at rψ= 0, whose 
criticality is crucially affected by the random parameters p. Using a center manifold reduction [9, Section 5.1], 
we obtain the following normal form for this pitchfork bifurcation, where the sign of the bifurcation normal 
form coefficient Xψencodes the criticality.

u′ =
p1

1 + p1
qu− p1

p2(1 + p1)︸ ︷︷ ︸
=X

u3 − p21
(1 + p1)3

q2u+ higher-order terms. (3.2)

Details of the reduction step can be found in [8]. A crucial observation is that the random parameters are
nonlinearly transformed into X. This is rather generic and not limited to the case of a pitchfork bifurcation.
For example, the random parameters might also render the first Lyapunov coefficient into a random variable [7].
The latter determines the criticality of a Hopf bifurcation [9, Section 3.5].

We now address how PCE can be used in the study of random bifurcation coefficients (R3) such as X in
(3.2). In this special case, the probability of X being positive could be derived from the individual probabilities
p1 ∈ (−∞,−1) ∪ (0,∞) and p2 > 0. Note however that, for other nonlinear transformations, it might not
be enough to compute independently the probability of each part being positive. Our goal is to determine a
method to calculate the probability distribution of X, or at least determine the probability to observe a sub-
or a supercritical pitchfork bifurcation.

So we need to calculate (or estimate) the probability distribution of a general nonlinear function g(p) of
random parameters p. In [8], we present three different approaches. Here, we will highlight a semi-analytical,
sampling-free procedure that is advantageous if one evaluation of g is very costly. It is well-known that the
probability distribution of the sum of two independent random variables can be calculated as convolution of the
individual distributions. Since, we deal with general nonlinear functions, it would be nice to have an analogous
representation for their product. This can be achieved by using the Mellin transform, an integral transform
over the positive half-line, defined as a function of the complex variable s ∈ C (cf. [16, p. 96]):

M (F (y)) (s) =

∫ ∞
0

ys−1F (y)dy (3.3)

for a single- and real-valued function F that is defined almost everywhere for y ≥ 0. An inverse Mellin transform
can also be defined but an explicit inversion is not always possible. However, there is a useful probabilistic
interpretation of the Mellin transform as the (s− 1)-th moment, s ∈ N, of a random variable, i.e.

M (ρξ(x)) (s) = E
[
ξs−1

]
=:M(ξ)(s), (3.4)

4

https://www.youtube.com/watch?v=cbeYtHl5zIM


where ξ is an almost surely (a.s.) positive random variable on a given probability space with corresponding
probability density ρξ. An extension of the Mellin transform to random variables also attaining negative values
is described in [5]. The Mellin transform has many useful properties, e.g., for positive independent random
variables ξ1, . . . , ξn we have

M(

n∏
i=1

ξi)(s) =

n∏
i=1

M(ξi)(s). (3.5)

The Mellin transform of the inverse η = 1
ξ of the positive random variable ξ is

M(η)(s) =M(ξ)(−s+ 2). (3.6)

For some standard distributions the Mellin transform has a simple explicit form, e.g., for ξU ∼ U(0, 1) we have

M (ξU ) (s) =
1

s
, for Re(s) > 0. (3.7)

but in many other cases, no analytical formula exists. The idea is to decompose the bifurcation coefficient into
formula-based part and a remainder. Then, PCE comes into play. We expand the remainder in a PCE and
calculate the Mellin transform of the PCE. We combine again both parts and have moments of the bifurcation
coefficient available in closed form without sampling. To derive a PDF of the bifurcation coefficient, we use the
method of moments (see e.g. [6]). We apply the method to a Gaussian mixture model [13], where its PDF is
decomposed into weighted Gaussian component densities. This gives us a lot of flexibility since for example also
multi-modal distributions can be captured. We illustrate our semi-analytical approach via the Lorenz system
(3.2). We calculate the Mellin transform of X by applying property (3.5) to obtain

M(X)(s) =M
(

p1
p2(1 + p1)

)
(s) = M

(
1

p2

)
(s)︸ ︷︷ ︸

analytically tractable

· M
(

p1
1 + p1

)
(s)︸ ︷︷ ︸

no analytical expression

.

Assume the uncertain input p1 follows a generalized Beta distribution supported on [−0.5, 0.5] with param-
eters (2, 5), i.e. p1 ∼ Beta0.5−0.5(2, 5), and p2 is Gamma distributed with shape 8 and rate 1, i.e. p2 ∼ Γ(8, 1).
For the analytical part, via (3.6), we immediately obtain

M
(

1

p2

)
(s) =M (p2) (−s+ 2) =

Γ(8− s+ 1)

Γ(8)
. (3.8)

For the remainder, we expand g(p1) = p1
1+p1

into a PCE as done in (2.1). We prefer to work with a uniform

stochastic germ ξ := Ũ ∼ U(0, 1) instead of p1 itself since the Mellin transform of Ũ has the simple form (3.7).

The corresponding orthogonal basis are shifted Legendre polynomials
(
φ̃n

)
n≥0

, i.e. φ̃n(x) = φn(2x− 1), where

(φn)n≥0 are the classical Legendre polynomials. We move to the monomial basis with transformed deterministic
coefficients (cn)n∈N and obtain

g(pi) ≈
N∑
n=0

gnφ̃n(ξ) =

N∑
n=0

cnξ
n, (3.9)

The Mellin transform of the reformulated PCE (3.9) for s ∈ N finally reads as

M

(
N∑
n=0

cnξ
n

)
(s) =

N ·(s−1)∑
i=0

ĉi(s) · M(ξ)(i+ 1), (3.10)

where ĉi(s) denote the cumulated coefficients for the powers of ξ. They result from a repeated use of the
binomial formula. For the details, we refer to [8].
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By putting (3.8) and (3.10) together, we obtain the approximation of the Mellin transform of X as

M (X) (s) ≈ Γ(8− s+ 1)

Γ(8)
·
N ·(s−1)∑
i=0

ĉi(s)

i+ 1
. (3.11)

This is appealing since we now have approximated moments of X available in the closed form (3.11). By now
fitting a Gaussian mixture model via the method of moments (five moments used, truncation N = 2), we
obtain the results depicted in Figure 2 (taken from [8, Figure 3]). We obtain that the probability to observe a
subcritical pitchfork bifurcation amounts to 0.9049 being very close to the standard Monte Carlo estimate of
0.8903.
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Figure 2: (a): PDF of the input parameter p1; (b) PDF of the input parameter p2; (c) Well-designed combination
of PCE with Mellin transform gives approximation of moments of X in (3.11); PDF of Gaussian mixture (Gmix)
model (turquoise line) is obtained via a method of moments; good agreement of the PDF with the normalized
histogram over M = 106 samples of X.

3.2 Random Bifurcation Diagrams

Beyond single bifurcation points, an even more ambitious goal would be to study entire random bifurcation
diagrams. Another prototypical bifurcation is the fold bifurcation with normal form x′ = q − x2. Here, the
transition is always critical, i.e. a fold bifurcation point is a tipping point. In [12], we addressed the visualization
of random bifurcation diagrams (R4) resulting from the influence of a random parameter p in the normal
form. We illustrated our analysis via a box model of the Atlantic Meridional Overturning Circulation with an
uncertain parameter for the ratio of diffusive to advective timescale. By using a Bayesian inversion approach
based on synthetic salinity difference data, we achieved a substantial narrowing of the nature and location of the
bifurcation points with respect to the nondimensional freshwater flux. The visualization tools provided therein
contribute to a better interpretation of probabilistic tipping behavior; see Figure 3.

4 Summary and Outlook

We have seen that carrying over standard tools from deterministic nonlinear dynamics to RODEs/RPDEs is
not always straightforward. Random input parameters turn all objects (R0)-(R4) into random ones. We have
presented tools to extract probabilistic nonlinear dynamics information for systems with random parameters,
e.g., for computing invariant sets, bifurcation coefficients, or bifurcation diagrams. Yet, there are still many
open theoretical problems, e.g., we are actively working on computing coarse-grained observables for random dy-
namical objects. Thinking about real-world applications, the space of random input parameters RODE/RPDE
is likely to be high-dimensional. To tame the complexity, dimension reduction is necessary making the sys-
tem more accessible for a (semi-)analytical treatment, which is another avenue currently pursued in dynamical
systems methods for RODEs.
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(a) Random bifurcation diagram based
on assumed prior knowledge.

(b) Random bifurcation diagram for
posterior distribution.

Figure 3: Random bifurcation diagrams for box model of the Atlantic Meridional Overturning Circulation
according to prior and posterior parameter distribution from Bayesian inference on synthetic data. We obtain
a substantial narrowing of the nature and location of the bifurcation points. Figures adapted from [12] and for
further details, also see [12].
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