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1. INTRODUCTION

Mathematical billiards is a dynamical system consisting of a connected set  (the
billiard table) and a point-mass in its interior (the billiard ball) which moves in a straight
line at constant speed. When the ball hits the boundary the ball reflects elastically and
follows the rule of geometric optics: “angle of incidence equals angle of reflection.” See
[11, 28] for a thorough examination of billiards.

In magnetic billiards, the billiard ball is seen as a particle of charge e under the influence
of a magnetic field B. The motion is determined by the Lorentz force, and upon collision
with the boundary the billiard is governed by the same reflection principle. Billiards (both
magnetic and otherwise) can be studied geodesic flow on a Riemannian manifold with
(or without) boundary, and for the purposes of this article we will restrict the discussion
to planar billiards in R? with the Euclidean metric.

Within the last decade there has been a small revival of the subject of integrability
in magnetic billiards. Section 2 outlines the relevant properties of Birkhoff billiards that
can be studied in the magnetic setting. Sections 3 and 4 address fundamental properties
of magnetic and inverse magnetic billiards, and integrability in those magnetic variants

of Birkhoff billiards.

2. BIRKHOFF BILLIARDS

2.1. Introduction and Examples. Birkhoff considered billiards as a fundamental ex-
ample of a dynamical system in the 1920’s [9]. Let  C R? be a strictly convex domain
with smooth boundary 02 of length L. Parametrize 00 = I' by arc length s. At a
collision point of the billiard with the boundary, the point p; = I'(s;), measure the angle
0; as the angle between the inward velocity vector immediately following the collision and
the positive tangent (with respect to the induced orientation of 9f2) at p;. Identifying 02
with R/LZ, the billiard map is

Ty : R/LZ X (0,71') — R/LZ X (0,71'), (si,Hi) — (Si+1,0i+1)

and has the following properties:
a) If 9 is of class C” then Ty is C"Y(R/LZ x (0, 7))

b) T} can be extended continuously to the boundary of its domain: T'(-,0) = Ty (-, 7) = Id
c¢) T is symplectic; it preserves the area form dw = sin(6)df A ds
d) Ty is a twist map
e) Ty has a generating function (unique up to an additive constant)
h(si, sis1) 7= —[IT(si41) — (s3]
where || - || is the Euclidean distance. In particular, this means that 2% = cos(f;) and

oh
Osi11

= —cos(f;41)-



Example 1 (Billiards in a Circle). Suppose € is a circle of radius R > 0. The map can
be written explicitly as T (s,0) = (s + 2R0,0) and the angle 6 is an integral of motion.
Another integral of motion is the expression yu — zv for reflection point (z,y) and inward
velocity vector (u,v).

If 0 is w-rational, the orbit is periodic. For every fully reduced p/q € (0, 1/2] there exist
infinitely many periodic orbits with rotation number p/q. And for each p/q € (0,1/2],
there is a time-reversed orbit which traces out the same periodic trajectory in reverse,
and this reversed trajectory has rotation number 1 —p/q = (¢—p)/q € [1/2,1). A billiard
with this property has time reversal symmetry.
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FI1GURE 1. Periodic orbits of billiards in a circle with rotation numbers
1/2,1/3,1/5, and 2/7, respectively. The time-reversed orbits have rotation
numbers 1/2, 2/3, 4/5, and 5/7, respectively.

If 6 is not w-rational, the trajectory will intersect the boundary in a dense set of points
and will always remain tangent to a concentric circle of radius r = R|cos(0)| after each
reflection. This is an example of a convex caustic.

2.2. Caustics and Integrability.

Definition 2. A convex caustic is a closed C! curve in the interior of 2, bounding itself a
strictly convex domain, with the property that each trajectory that is tangent to it stays
tangent after each reflection.

To a convex caustic in {2 there is an invariant circle of T} in phase space. The converse
is not necessarily true: invariant circles give rise to caustics but are not necessarily convex
or differentiable.

There are several ways to define integrability for Hamiltonian systems. The three on
which we focus is Liouville-Arnol’d integrability (existence of integrals of motion), alge-
braic integrability (existence of polynomials in momenta/velocities on fixed energy levels),
and C°-integrability (existence of a foliation by invariant Lagrangian submanifolds). In
the context of billiards, we can geometrically interpret C°-integrability by showing that
(part of) the billiard table is foliated by caustics. The previous example demonstrates
that billiards in a circle are integrable in all three formulations.

A next natural question to ask relates to the existence or nonexistence of caustics in

billiards.
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FIGURE 2. Phase space of the billiard in a circle (a) and ellipse (b).

e Do there exist examples of billiards with at least one caustic?

Yes, by means of the string construc-

tion: Fix a convex caustic v of length

¢ and consider a closed, non-stretchable

string of length strictly greater than /.

Pulling the string taut around ~ to a 8
point, move this point around ~ and the

resulting curve I' will have v as a caus-

tic.

e Do there exist examples of billiards with infinitely many caustics?

Yes, Lazutkin [21] proved that via a coordinate change every Birkhoff bil-
liard is mearly integrable using a KAM-type theorem: a Cantor set of caustics
accumulate near the boundary.

e Do there exist examples of billiards with no caustics?

Yes, if the curvature of the boundary vanishes then no caustics can accumu-
late near the boundary [22]. This is a reason for assuming strict convexity of the
billiard table 2.

e Are there other billiards admitting a foliation by caustics?

Example 3 (Billiards in an Ellipse). Fix positive constants a > b > 0 and consider
the billiard inside the ellipse with semi-major axis a and semi-minor axis b. For every
p/q € (0,1/2), there exist infinitely many periodic orbits with rotation number p/q, and
exactly two period 2 orbits corresponding to the major and minor axes. Denote the foci of
Q) as Fi, Fo. Any trajectory which crosses the segment F; 5 will also cross this segment
upon reflection with the boundary; any trajectory which does not cross the segment
F1Fo will never cross JFiF5 after reflection with the boundary; and any trajectory which
intersects one focus will subsequently intersect the other focus after reflection with the
boundary. The first two cases correspond to trajectories with confocal hyperbolae and
ellipses as caustics.

The elliptical table Q (with the exception of the segment F;F3) is foliated by convex
caustics, and hence is C%-integrable. In addition, € is algebraically integrable (and hence
Liouville-Arnol’d integrable): the function b?zu+ a®yv is constant along trajectories with
reflection point (x,y) and velocity (u,v).

Aside from the ellipse and circle, are there other examples of billiards that are C°-
integrable?

Conjecture 4 (Birkhoff). If the billiard inside Q2 is C°-integrable, then € is an ellipse.
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F1Gure 3. Billiards in an ellipse with a confocal ellipse (a) and hyperbola
(b) as a caustic.

The above conjecture was first explicitly formulated in [24] by Poritsky, student of
Birkhoff, so the conjecture is sometimes referred to as the Birkhoff-Poritsky conjecture.
Much work has been dedicated to proving this conjecture and its variants: In [6, 33], it
is shown that the only billiards whose phase cylinder is foliated by rotationally-invariant
curves are circles; in [2, 17], is it shown that if there exists a sequence of convex caustics
with rotation numbers tending to one half, then the billiard is an ellipse; and in [18], a
local version of the Birkhoff conjecture in a neighborhood of an ellipse is proved. When
considering algebraic integrability, one can consider the algebraic Birkhoff conjecture:

Conjecture 5. If the billiard inside ) is algebraically integrable, then Q) is an ellipse.

This has only recently been proven by Glutsyuk [14] for the plane and surfaces of
constant curvature %1, provided that 9 is at least C?. At least the algebraic Birkhoff
conjecture is now a theorem.

3. MAGNETIC BILLIARDS

3.1. Introduction and Examples. Magnetic billiards was first studied in the mid
1980’s [25, 26] and examined extensively over the last few decades [3, 7, 15, 30, 31].
Recently magnetic billiards has been studied in terms of Finsler billiards, where the mag-
netic flow is defined by a Finsler metric [16, 29]. We take a simplified approach. Consider
a constant, homogeneous magnetic field B = (0,0, B) orthogonal to the billiard table and
assume the billiard ball is a charged particle of charge e. When in motion the particle
moves under the influence of the Lorentz force, mo = e(v x B), where x is the cross
product in R? and - is the derivative with respect to time. The resulting dynamics is
now uniform circular motion of Larmor radius u = m|v|/|eB|, and we assume eB < 0
resulting in counterclockwise motion. As before, the billiard reflection law applies and
the billiard within  will consist of circular arcs of radius pu.

The dynamics is also dependent upon g in a nontrivial way. Robnik and Berry [25]
described three curvature regimes based upon p, the radius of curvature of 9€:

Hw < Pmin, Pmin < H < Pmaz) Pmaz < M-
As before, we have a magnetic billiard map
T - R/LZ X (O,?T) — R/LZ X (0,71'), (si,éi) — (Si+1, 9i+1)

and the properties (a — c) of the billiard map 77 are also true in this setting. However, only
in the case ppae < p will Ty be a twist map. When twist, the map 75 will have rational

rotation numbers p/q € (0, 1) because there is no time-reversal symmetry (a characteristic
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effect of magnetism). And when twist, the generating function is h(s;, s;11) = —¢ — l%S ,
where ¢ is the length of the Larmor arc and S is the area inside {2 but outside the Larmor
arc.

If Q is strictly convex, then any Larmor circle of radius g < pumin O Pmae < i that is
not tangent to 02 will only intersect the boundary in exactly two points, so successive
collision points are well-defined. In the intermediate curvature regime, it is possible for
a trajectory to become tangent to 02 from the inside, causing discontinuities in the map

T, due to these tangencies.

Example 6 (Magnetic Billiards in a Circle). If Q is a circle of radius R > 0, the extreme
radii of curvature are equal to R, so there are only two curvature regimes to consider.
The magnetic billiard map can be written explicitly as T5(s, ) = (s + 2R, 0) where 9 is
the angle between the inward velocity vector and the chord connecting successive collision
points. Again, the angle 6 is an integral of motion, as is the angle . In particular, ¥ =
(R, u,0) and can be computed explicitly using the geometry of circle-circle intersection.
One can also state an integral of motion as the distance between the center of the Larmor
circles and the center of the circular billiard table: z? + y? + 2u(uy — vz) is constant for
reflection point (x,y) and inward velocity vector (u,v).

a) b)

FIGURE 4. Circular magnetic billiards with period 5 and (a) rotation num-
ber 1/5 with i > pae = R; (b) rotation number 4/5 with u < pim = R.

Example 7 (Magnetic Billiards in an Ellipse). In the ellipse z2/a* + y?/b* = 1 with
a > b > 0, a direct calculation yields py;, = b*/a and ppme, = a?/b. The magnetic
billiard in each curvature regime can be markedly different, which can be seen in the half-
phase portraits in figure 5. Each curvature regime has regions of phase space foliated
by invariant curves near § = m, which correspond to short skips backwards along the
boundary.

3.2. Caustics and Integrability. As seen the examples above and in more detailed
numerical simulations of an ellipse [1], magnetic billiards in strictly convex billiard tables
shows a mix of near-integrable and chaotic behavior, depending upon the curvature regime
and the relative size of . We again can ask about the (non)existence of caustics.

e Do there exist examples of billiards with at least one caustic?

Yes, by means of an analogous string construction. Fixing the caustic, the
level sets of a particular function form the billiard table with the given caustic
[16, 29].

e Do there exist examples of billiards with infinitely many caustics?

Yes, Berglund and Kunz [3] prove that a positive-measure set of caustics

accumulate near the boundary in three cases, provided 9 is at least C°®: § near

0 and g < pin; 0 near 0 and pyq. < p; or 6 near 7 for all values of u.
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e Do there exist examples of billiards with no caustics?
This is unclear. The theorem of Berglund and Kunz above shows that caustics
can still persist even if the table is non-convex (i.e. curvature x < 0 but still
sufficiently small), so the condition is not the same as for Birkhoff billiards.

Again, we can ask if there are other magnetic billiards admitting a foliation by caustics.
Conjecture 8. If the magnetic billiard inside 0 is C°-integrable, then Q is a circle.

The work of Bialy [7] proves that in the case of i < pn, if the billiard is C%-integrable,
then €2 is a circle. Recent work by Bialy, Mironov, and others addresses the algebraic
integrability of magnetic billiards. In particular, the work of [4, 5] prove that, for magnetic
billiards in the plane and on surfaces of constant positive and negative curvature in the
regime P < i, if a polynomial integral in the velocities exists, then 2 must be a circle.
A similar result is proved in [8] for the regime p < ppin.

COMOMAANY
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FIGURE 5. Magnetic billiard trajectories and half of phase space for pu <
Pmin (a) and (b)7 Pmin < U < Pmaz (C) and (d)7 and Pmaz < [ (e) and (f)
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4. INVERSE MAGNETIC BILLIARDS

4.1. Introduction and Examples. First introduced by [32] and studied further by
others [10, 19, 20, 23, 27] in the context of semiconductors and condensed-matter physics
and by the author [12, 13], inverse magnetic billiards is a combination of Birkhoff billiards
and magnetic billiards in the following way: Define a magnetic field B that is 0 inside 2
and constant magnitude B orthogonal to the plane outside €2, and interpret the billiard
table 2 as a permeable boundary between magnetic and non-magnetic regions in the
plane. The trajectories of a charged particle billiard are now straight lines inside €2
concatenated with circular arcs of fixed Larmor radius p outside €2. As in the case of
magnetic billiards, we assume the motion outside € is in the counterclockwise direction.

FIGURE 6. A labeled picture of the inverse magnetic billiard map T5.

We can define the inverse magnetic billiard map as the composition
TooTy :=Ts:R/LZ x (0,7) = R/LZ x (0,7),  (5:,6;) = (Sit2, Oisa),

where we interpret fg as the magnetic billiard map corresponding to motion outside 2.
The map T3 possesses the same properties as 7o, namely properties (a — ¢) of the map
Ty. The map T3 is a twist map in the case y < pmin, and in such a case has rational
rotation numbers p/q € (0,1) and generating function h(s;, s;40) = =0 — v+ ;%S’ where
(1 is the length of the chord inside €2, ~y is the length of the Larmor arc outside €2 and S
is the area inside the Larmor arc but outside 2, see figure 6. As in the case of magnetic
billiards, we can consider the same three curvature regimes based on the relative sizes of
the minimum and maximum radii of curvature of 0 and pu.

Just as in the case of magnetic billiards, if  is strictly convex and p < pmin Or
Pmaz < M, then the Larmor arcs will intersect 02 in exactly two places — the exit and
reentry points of €2. In the intermediate curvature regime, it is possible for the Larmor
arc to become tangent to 0€2, leading to discontinuities in the map T5.

With inverse magnetic billiards, the strength of the magnetic field is fixed at the outset,
which in turn fixes p. But if we consider a single trajectory like figure 6, we can consider
the two extremes in B. As B — oo, u — 0 and so T3 — 7171, the Birkhoff billiard map;
and as B — 0%, y — oo and so T3 — Id, the identity map. This statement can be
made more rigorous, but it informs what we might expect from phase portraits in the
two extreme curvature regimes.

Example 9 (Inverse Magnetic Billiards in a Circle). If Q is a circle of radius R, the map
can be written explicitly as T3(s,6) = (s + 2Rx,0), where x is the angle between the

outward velocity vector and the chord connecting exit and reentry points. Again, the
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angles 6, y are integrals of motion. In particular, x = x(R, u,6) and can be computed
explicitly using the geometry of circle-circle intersection, and plays a similar role to ¢ in
example 6. As in the case of magnetic billiards, another integral of motion is the distance
between the centers of the magnetic arcs and the table.

a) b)

FIGURE 7. Inverse magnetic billiards in a circle with rotation numbers 2/9
(a) and 8/9 (b).

Example 10 (Inverse Magnetic Billiards in an Ellipse). In the ellipse 22/a® + y?/b* = 1
with a > b > 0, again pi, = b?/a and pqa = a®/b. The inverse magnetic billiard in each
curvature regime can be markedly different, which can be seen in the half-phase portraits
in figure 8. Each curvature regime has regions of phase space foliated by invariant curves
near 6 = 7, which correspond to short billiard segments backwards along the boundary
followed by a long circular arc outside €2, reentering near the exit point.

4.2. Caustics and Integrability. The phase portraits in figure 8 show similarities to
figure 5, indicating the influence of the magnetic field in the dynamics of inverse magnetic
billiards. Trajectories now extend outside €2, and so there is now the notion of interior
and exterior caustics, as can be seen in figure 8. In the case of the circle, there will
be a concentric circular interior caustic of radius Ti,erior = R|cos(f)| and an exterior
concentric circular caustic of radius rouer = p + /p2 + R2 — 2Ry cos(f). We can again
ask about the (non)existence of caustics.

e Do there exist examples of billiards with at least one caustic?

It is unknown if there is an analogous string construction for interior or
exterior caustics.

e Do there exist examples of billiards with infinitely many caustics?

Yes. Using a similar approach to the magnetic billiards case, in [12, 13]
it is proved that a positive-measure set of interior caustics accumulate near the
boundary in three cases, provided 9 is at least C% 6 near 0 and pu < pmn; 0
near 0 and pp,q. < p; or 6 near 7 for all values of p.

e Do there exist examples of billiards with no caustics?

If 0N has a point of vanishing curvature, there can be no interior caustics,

similar to Birkhoff billiards. This is unknown in the case of exterior caustics.



F1cURE 8. Trajectories with interior and exterior caustics and half of phase
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At this time little is known about interior or exterior caustics beyond the above state-
ments. It is unknown if the existence of an interior caustic implies the existence of an
exterior caustic, or vice-versa. In the cases when T3 is not a twist map, caustics can exist
though they may be C° curves, as seen in the figure below.

a) b)

FIGURE 9. Inverse magnetic billiards in an ellipse with (&) pmin < £ < Pmaz
and (b) ppae < p showing C? interior and exterior caustics. The Larmor
centers are also shown to lie on a continuous curve.

Similar to the case of magnetic billiards, we can state a Birkhoff conjecture for inte-
grability of inverse magnetic billiards:

Conjecture 11. If the inverse magnetic billiard on Q is C°-integrable, then Q is a circle.
If the inverse magnetic billiard on §2 is algebraically integrable, then ) is a circle.
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