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SPIRAL WAVES IN OSCILLATORY MEDIA WITH NONLOCAL COUPLING

GABRIELA JARAMILLO

1. INTRODUCTION

Spiral waves appear in many physical and biological systems. We can see them in oscillating
chemical reactions like the Belouzov-Zhabotinsky reaction as transient states in the aggregation of
slime mold, and in heart and brain tissue. They capture our attention thanks to their visual appeal,
but are also of interest because of their connection to anomalous heart conditions like tachycardia
and cardiac fibrillation.

While spiral waves appear in both excitable and oscillatory media, our focus in this article will
be on the latter. In particular, we consider systems whose dynamics undergo a Hopf bifurcation.
The term oscillatory media then comes from the time oscillations that emerge, which also allow us
to visualize these systems as a field of oscillating elements. When these elements are allowed to
interact, either via a local form of coupling or through long range connections, spiral patterns and
other coherent structures then form.

Here we concentrate on processes involving nonlocal interactions. An example of such systems is
the following oscillating chemical reaction,

WX (r,t)=f(X,Y)+ D(B - X)
oY (r,t) =g(X,Y)
edB(r,t) = — B+ dAB + X,
which involves a fast component, B, and nonlinearities, f(X,Y), g(X,Y’) that support a limit cycle.
In particular, by adiabatically eliminating the fast variable, ( i.e. setting ¢ = 0 and solving for

B = (I—-dA)~'X,) one finds that these systems can be modeled using integro-differential equations
of the form,

WX (r,t) =f(X,Y)+ K *xX
atY(Ta t) :g(Xv Y)
The convolution with the kernel K is then interpreted as a nonlocal form of diffusion.

Notice that when the range of nonlocal interactions is short, the convolution term is still well
approximated by the Laplace operator. However, when this approximation breaks down, interesting
patterns can emerge. Indeed, using numerical simulations Kuramoto showed that nonlocal interac-
tions are in fact responsible for creating new patterns called spiral chimeras [11]. These patterns
resemble an archimedean spiral in the far field, but as shown in Figure 1, they have a core that is not
oscillating in synchrony with the rest of the pattern. Understanding why and how these structures
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FIGURE 1. Example of a spiral chimera found by performing numerical simulations
of the Fitz-Hugh Nagumo system appearing in [11]. The figure on the right zooms
in into the core of the spiral appearing on the left.

arise provides the motivation for studying spiral waves in oscillatory systems with nonlocal coupling.
In the following sections we summarize an approach for proving the existence of these patterns, and
numerically explore the role that nonlocal interactions play in shaping these structures.

Outline: In Section 2 we set up the notation and present results from numerical experiments
that connect properties of the nonlocal coupling to the geometry of the spiral pattern. Then in
Sections 3 and 4 we outline an approach for proving existence of these structures based on methods
from functional analysis. Finally, in Section 5 we conclude with some open questions and an outlook
of future directions.

2. A SIMPLE MODEL

To maintain some level of generality, consider the following abstract integro-differential equation,
Uy=KxU+FU;\) UecR* z=(r0)eR? MNcR, (1)

with nonlinearities, F'(U; \) that undergo a Hopf bifurcation when A = 0, and nonlocal interactions
modeled by the convolution operator K*. For simplicity, suppose as well that the function K is of
the same type as those used by Kuramoto to generate spiral chimeras. Therefore, K has Fourier
symbol

: ol¢l?

____gsit . 2
K(g)——(1+D|§‘2), with £ €R* o,D >0. (2)

Although this represents a specific form of nonlocal coupling, the analysis presented in the next
sections can easily be extended to other functions, so long as their Fourier symbols are radially
symmetric, uniformly bounded, and have a quadratic tangency near to origin. See [5] for more
details on the assumptions governing the kernels K.

One advantage of considering kernels of the form (2) is that one can then use numerical simulations
to track how properties of the nonlocal operator affect the shape of the spiral pattern. For example,
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consider the following FitzHugh-Nagumo system

3—1))

v = (Bu +9), (3)
with parameters 6§ = 0.2, = 1,7 = 0.1, and K defined as above. In Figures 2 and 3 we simulate

this system using an implicit spectral method [1] and a grid of length L = 100 with N = 1024 nodes.
To enforce Neumann boundary conditions we employ the cosine Fourier transform.

u=Kxu+71(u—u
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FIGURE 2. Numerical simulations of Fitz-Hugh Nagumo system in [11], using the
kernel (2). Figures a) 0 =0.5,b) 0 =1.0,¢) 0 =1.5,d) 0 =2.0

s

a a
5 545 S 55 S5 85 87 S 525 5 55 54 545 55 555 5 565 57 S 525 53 595 54 55 55 555 56 565 57 S 525 5 55 54 545 S5 555 55 565 57

FIGURE 3. Numerical simulations of Fitz-Hugh Nagumo system in [11], using the
kernel (2). Figures a) D = 0.5, b) D =1.0,c¢) D =1.5,d) D =2.0

The figures show how by increasing the diffusivity constant, o, or the radius of nonlocal inter-
actions, D, one can reduce the spiral’s wavenumber. n addition, notice how increasing the value of
the parameter D leads to the formation of spiral chimeras.

One can heuristically explain the changes in the spiral’s wavenumber and its core by looking at
the shape of the Fourier symbol, K , as shown in Figure 4. The figure clarifies that the parameter
o controls the quadratic tangency of K near the origin. As a result, increasing o leads to Fourier
symbols that are more narrow near the origin, which in turn implies that the band of unstable
wavenumbers that the pattern can select becomes much smaller. Similarly, the parameter D con-
trols the uniform bound of K and as D increases, the L> norm of the Fourier symbol becomes much



1
2
3

© o ~N o

11
12
13
14

15
16

17
18
19
20

21
22
23
24

25

26

27

SPIRAL WAVES IN OSCILLATORY MEDIA WITH NONLOCAL COUPLING 4

smaller. This suggests that the zero amplitude solution may become unstable against all wavenum-
bers. Because the amplitude of these spiral patterns tends to zero near the origin, this provides a
possible explanation as to why these structures possess an asynchronous core.

051
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FIGURE 4. Plots of the Fourier symbol K (|¢|) = —o|¢|?/(1+ D|€[?) , a) for different
values of the parameter D, and b) for different values of o.

One can confirm, at least formally, one of the above heuristic arguments. Indeed, the multiple-
scale analysis outlined in Section 5 shows that one can use the following viscous eikonal equation

0= Aggo — b(dsdo)? + Q — 6707, (4)

to describe the phase dynamics of spiral waves. This equation is known to model the formation
of target patterns in oscillatory media when an impurity is present, and was solved in [6] for the
particular case of inhomogeneities, g, that decay sufficiently fast at infinity. Since in the current
context, target pattern solutions to the above equation also represent spiral wave solutions, one can
borrow from these results.

Here it is important to point out that equation (4) represents a nonlinear eigenvalue problem.
Both the function ¢y and the constant {2 are unknown. Target patterns are constructed by match-
ing far field and intermediate approximations, and through this matching one is able to obtain
approximations for the wavenumber k ~ V¢ and the frequency € = k? of the pattern.

In the case of spiral waves one finds that for sufficiently large values of the diffusivity constant
o, the wave number is given by

2Dy \?
~ —1/M M~ ——2 ) §2
k ~ Cexp(—1/M), (O’—EQDVR> )

where € represents the amplitude of the oscillations that emerge from the Hopf bifurcation, and the
parameter v = vg +ivy encodes information related to the linear part of the reaction terms F(U; \).
Notice that this approximation matches the results of the simulation. In particular, we can check
that fixing the value of D and increasing the parameter o results in a smaller wavenumber, k.

We do want to emphasize that the above approximations are at this point formal. There is still
work to be done to prove existence of spiral waves in these systems, and thus confirm that the
formulas above provide indeed the correct expansions for the wavenumber. In the next sections we
highlight some previous, current and future work in this direction.

3. EXISTENCE OF SPIRAL WAVES: NORMAL FORM

To prove the existence of spiral patterns in oscillatory media with nonlocal diffusion, one proceeds
in a similar manner as in the case of reaction diffusion systems. That is, one first derives an amplitude



10
11
12

13
14
15
16
17
18
19

20
21
22
23
24
25
26

27

28

29
30
31
32
33
34

35
36

37
38

SPIRAL WAVES IN OSCILLATORY MEDIA WITH NONLOCAL COUPLING 5

equation governing the dynamics of these structures, and then shows the existence of spiral wave
solutions using this reduced equation. In the case of reaction diffusion systems it is possible to use
tools from spatial dynamics, like center manifold theory and singular perturbation techniques, to
carry out this program, see [9]. However, since in the present case the model equations are integro-
differential equations, these tools are no longer available. In what follows we briefly summarize an
alternative approach to derive the amplitude equation based on methods from functional analysis.
Then, in Section 4 we outline how one can then find spiral wave solutions using this reduced equation.

The first step is to take advantage of the rotational symmetry of the pattern, and to look for
general solutions of the form U(r,0) = U(r,¥ + ct), that are also periodic in the second argument.
Notice that the symbol ¢ represents the rotational speed of the wave, and is a parameter that needs
to be determined along with the solution U. Inserting this ansatz into equation (1) then leads to
the following steady state system,

0=KxU —copU + F(U; \).

One can now follow the approach taken in the physics literature and use multiple-scales to derive
an amplitude equation. As it stands this method is formal, since it assumes that the solution can be
expanded in powers of € ~ v/X. As a result, one then needs to show that this expansion converges,
or equivalently, that the amplitude equation provides valid approximations to the solutions of the
original system (1), see for example [12, 10]. However, because spiral wave solutions are periodic
in time, it is possible to combine these two steps using a similar method to Lyapunov-Schmidt
reduction.

Very briefly, the approach consists on carrying out the standard multiple-scale analysis giving us
a hierarchy of equations at different powers of €. As usual, the first and second order equations can
easily be solved. However, in contrast to the traditional method where one derives the amplitude
equation at cubic order as a solvability condition, here all cubic and higher order terms are gathered
into one equation. Then, as described in [5], by picking appropriate weighted Sobolev spaces and
a suitable projection, it is possible to use Lyapunov-Schmidt reduction to split this equation into a
solvable system, which has a linear operator that is invertible, and a reduced equation.

To see why this holds, use the Fourier transform in the angular variable, 6, to decompose the

steady state equation as
0= (Kp* Uy + ByUp, + Fo(U; A))e™.
nez

In this expression, the matrix B,, accounts for the operator —cdy and the linear part of the reaction
terms F(U;\). In particular, B, has eigenvalues —(cn £ iw), where w is the frequency of the time
oscillations emerging from the Hopf bifurcation. As a result, if we pick ¢ = ¢* + 2, where ¢*ng = w
for some integer ng and p is to be determined, then B,,, has a zero eigenvalue. This then leads us
to decomposing the linear part of our equation into an invertible part, all those K, * +B, with
n # ng, and a bounded part, K, *.

The reduced equation that is obtained from the above analysis then becomes the amplitude
equation,

Koy *w + vw + alw*w + O(e|w|*w) = 0, (5)

where the convolution kernel K. represents a rescaling of K and has Fourier symbol f(a(g) =

—o|€2/(1 + £2D|€[?). The subscript ng indicates that we are looking at the action of this operator
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in the direction of €™ The imaginary part of v is related to the rotational speed of the wave,
1, and is a free parameter that needs to be determined when solving the equation. Finally, the
constant « encodes information about the nonlinear part of the reaction terms, F'(U; ).

It is important to emphasize that this amplitude equation is not a truncation. In fact, the
equation involves all higher order terms. As a result, if one shows existence of solutions to equation
(6), one immediately obtains existence of solutions to the full system (1). As expected, solving the
reduced system is not a trivial matter. We give some insights into the issues that arise in the next
section.

4. EXISTENCE OF SPIRAL WAVES: CURRENT WORK

Having derived equation (5) as a reduced system for our model (1), we now outline a path for
proving the existence of spiral wave solutions. Because the convolution kernel K. has Fourier symbol

b ol¢f?
K.(§) = 1+ 2D

this task is simplified if we precondition the reduced system (5) with the operator (1 —&?DA). The
result is an equation that resembles the complex Ginzburg-Landau equation (cGL),

1 2 -
g <6rTw + —0hw — n2> w4 vw + alw|?w + N(w,e) =0,
r r

where 3 = (0 —?Dvg) —i(e2Dvr). Notice how even though the linear operator in the equation above
is no longer a nonlocal operator, the main features of the convolution kernel K are still encoded in
the constant f.

To find spiral wave patterns one can then proceed with a multiple-scale analysis using the same
scalings that are typical for deriving the phase dynamics approximation of the cGL, see [2]. This
leads to a hierarchy of equations at different powers of a small parameter 6. The order O(1) system
encapsulates information about the amplitude of the pattern, while the order O(62) system describes
the dynamics of the phase. As when deriving the amplitude equation, the remaining terms can then
be summarized as one system of equations. The objective is then to pick correct Sobolev spaces,
so that one may apply Lyapunov-Schmidt reduction, thus closing the argument and proving the
existence of solutions. We close this section summarizing some of the questions that arise in this
approach.

The order O(1) terms: These terms give us the following system of equations for the amplitude,
po, of the spiral pattern,

0 =BrA1po + VRrPO — VRP

0 =BrA1po — @rpo + &rpy. (6)
Notice in particular that when Br,vr > 0 the first equation also models the amplitude of spirals
arising in A — w systems. These systems, which include more general nonlinearities that the ones
appearing in (6), are known to model oscillatory media, see [4, 3, 8]. The general case was studied

by Kopell and Howard in [8], who proved the existence of positive solutions pg. In particular, they
showed that when vi = 1, these solutions approach the constant 1 in the far field.

Because the system is redundant, once the first equation is solved the remaining terms can be
written as a single function g ~ (1 — p2)po, which is then pushed down to the order O(6?) system.
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As pointed out next, it then becomes important to know the decay rate of the function g/po,
or equivalently, to know how quickly the amplitude, pg, approaches its constant value at infinity.
Numerically, it is possible to check that the term g/pg is of order O(1/r2) as r goes infinity (see
Figure 5), but one would like to make this precise.

2
r log(1- p%)
%
S —— Numerical Approximation
~ = = Linear fity = -2.0437"x + 0.13112 | |

15 20 25 05 1 1.5 2 25 3 35
r log(r)

FIGURE 5. Numerical approximation of first equation in system (6), with vg = g = 1.

The order O(§?) terms: Not surprisingly, when gathering terms of order O(d2), one sees that
the resulting system of equations can be reduced to the following viscous eikonal equation for the
phase ¢y,

0 = Ao — b(s0)* + € — §°bg/ po. (7)
Here b is a constant, {2 is a parameter involving the unknown vy, and the function g, as explained
above, is an inhomogeneity that is a function of py.

As mentioned in Section 3, equation (7) is known to provide a model for the emergence of target
patterns in oscillatory media, and has been solved in the case of inhomogeneities that decay at order
O(1/r**%) with § > 0, see [6]. However, as depicted in Figure 5, the function g/pg ~ (1 — p3) decays
only at order O(1/r?). Thus, equation (7) represents a border case that has not been solved before.
Nonetheless, the numerical results presented in Figure 6 show that solutions to this equation do
exist, even for inhomogeneities that decay slower than 1/r2. Proving existence of target patterns
for these extreme cases is part of our current efforts.

Higher order terms: The remaining terms from the multiple-scale analysis can be gathered as
a system of equations in the variables R, ¢;

0 =vr(1 — 3p2)R1 — B1polod1 — 2Brpodrdodrd1 + N1(Ry, ¢1;90),
0 =ar(30% — 1) Ry + Brpolod1 — 2B1p00r¢00rd1 + Na(Ru, ¢1; ).

To close the argument and prove existence of spiral waves, one would now like to apply Lyapunov-
Schmidt reduction to the above system and find solutions that bifurcate from (R1, ¢1;9) = (0, 0;0).
This requires that the linear part of the equations define a Fredholm operator, and is one of the
main challenges in this problem.

To see where the difficulties lie, notice first that linearization includes the operator

Lo = Dop1 — 0r01.
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FIGURE 6. Numerical simulation of the eikonal equation 9,® = A® — |[V®|? + g for
different inhomogeneities g = —2.5/(1 + 72)?/? on a square domain. In this case,
target patterns satisfy ®(r,t) = ¢(r) — Qt. The figure depicts 9,¢. Time evolution
uses a spectral method to discretize the space variable and an RK-4 method for the
time stepping, [7]. Parameters: length L = 100, number of nodes N = 512, time
stepping dt = 0.5.

which has a zero eigenvalue embedded in its essential spectrum. As a result this operator does not
have a closed range and it is therefore not a Fredholm operator when acting as a map between
standard Sobolev spaces.

While this issue can be resolved if we use instead Sobolev spaces that impose some level of
algebraic decay or growth on functions (see [6]), this comes at cost. Indeed, because the function
po appears in the nonlinearities and is uniformly bounded, one needs to use spaces that allow for
algebraic growth. However, these spaces are no longer Banach algebras, so that the nonlinear terms
are not well defined in this case.

Therefore, finding solutions to the above system requires that we pick Banach spaces that provide
a balance between Fredholm properties and well defined nonlinearities. Possible candidates include
spaces that separate the near field and far field behavior of the solution. This allows one to construct
first order approximations that account for the far field behavior, which in the case of spiral waves
is described by L*° functions, while any higher order corrections are restricted to the core of the
pattern and are viewed as algebraically localized functions. For example we may take X = H% R o
W22 (R?), where the subscript + informs us about the level of algebraic decay.

5. OUTLOOK

We close with two open questions and a couple of future directions.

1) When the parameter o is large we are able to find a formal expansion for the spiral’s wavenumber.
This expansion is obtained, in part, by solving the first equation in system (6). This equation
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is solvable because the parameter Sp is positive whenever ¢ is sufficiently large. What happens
then if o is smaller than the coupling radius, and the parameter Sr is now negative? If one also
assumes that the parameter 7 is positive and the parameter &; is negative, then the second
equation in (6) can be solved. This would then give us a different expansion for the wavenumber,
and the question is then whether this expansion can explain the behavior seen in Figure 3.
According to Figure 3, when 3, < 0 we are also in the situation when spiral chimeras are formed.
The previous item suggest that we should be able to proof the existence of these patterns using
the approach outlined in Section 4. However, because this method approximates the solution in
the far field, but summarize its behavior near the core as a function with algebraic decay, it is
not possible to distinguish between both patterns just by looking at the form of the solution.
How can we then re-gain information about the spiral’s core?

More broadly, after proving the existence of spiral waves, how do we then proceed to study their
stability?

And finally, can the above methods, which are based on functional analysis, be used to understand
other two or three dimensional patterns?
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