An inside look at tipping mechanisms for a tropical cyclone
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Over two decades ago, The Intergovernmental Panel on Climate Change introduced the idea
of tipping points as “large scale discontinuities in the climate” [1]. While there is no precise
mathematical definition of a tipping event, tipping can be thought of as a rapid, and often
irreversible, change in the equilibrium state of a dynamical system [2]. In [3] it was proposed that
tipping events could be classified according to whether the underlying mathematical mechanism
involves, predominantly, a bifurcation (B-tipping), noise induced transitions (N-tipping), or a
rate dependent parameter (R-tipping); see also [4-7]. Classically, B-tipping has been used to
study subsystems of the climate which are vulnerable to tipping. However, in B-tipping an
implicit assumption is that parameters change slowly relative to the intrinsic timescale set by
the deterministic dynamics. The validity of this assumption in climate applications is not clear
since anthropogenic change has occurred over a much shorter time span (centuries) than the
shortest geological time scale (millions of years) [8]. Moreover, in many climate applications the
dynamical system is necessarily stochastic and non-autonomous and thus there is need to study
how a combination of these mechanisms can also lead to tipping [3].

In [9] we studied these tipping mechanisms for a low-dimensional model of a tropical cyclone.
Specifically, this model couples the dynamics of the tangential wind speed of a cyclone to its
inner core moisture with, essentially, the potential energy of the storm, wind shear, and the
temperature of the ocean serving as parameters. While classic bifurcations occur as these pa-
rameters are varied, we found non-intuitive results when considering rate and noise-induced
tipping. Specifically, we found that rapid increases in the potential energy of a storm coupled
with sufficient wind shear can destabilize a storm. This result is surprising in that while a
slow increase of the potential energy results in a more intense storm, if the energy is increased
sufficiently rapid the tangential wind speed cannot increase quickly enough and is dissipated by
wind shear. We also found in this model that while the stability of cyclones are exceptionally
robust to additive random fluctuations, the presence of noise can lead to the rapid formation of
a tropical storm. This consequence of the model results from the existence of a center manifold
along which the deterministic dynamics is relatively weak. In this article, we summarize the key
techniques used in our analysis.

Because of the destruction that tropical cyclones can cause [10], understanding what mechanisms
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lead to their formation should be of interest to policy makers, risk analysts, and climate scientists.
Indeed, a presumed impact of global climate change is the increase in frequency and intensity
of tropical cyclones. For example, in 2019 Hurricane Dorian made landfall in the Bahamas as
a category 5 hurricane, sustaining winds over 185 miles per hours and it caused an estimated
$7 billion in damages, over 400 dead or missing persons, and immeasurable losses to reef and
mangroves, which in turn impacted tourism, the fishing industry, and protection from future
storms [11]. As a second example, in 2005, Hurricane Katrina struck the gulf coast of Louisiana
and was one of the costliest storms on record, causing over $125 billion, and over 1,800 lives lost
despite only sustaining winds of 127 mph upon landfall [12].

1 Mathematical Model of a Tropical Cyclone

Tropical cyclones are axisymetric vortices that form over warm ocean water in which there is a
temperature gradient between the warm ocean and cooler lower atmosphere. In these regions,
as warm water evaporates, the resulting warm air mass rises and cools rapidly releasing heat
through condensation back into the atmosphere. As the warm air rises, an area of low pressure
forms and air begins to move from all directions to fill this void. The air in this region swirls from
the Coriolis effect and, due to conservation of angular momentum, eventually forms a rotating
air mass around the area of low pressure, i.e., the eye of the storm. In this idealized setting,
this process can modeled as a Carnot engine in which the maximum potential velocity of the
hurricane, V}, > 0 can be obtained by equating the kinetic energy with the theoretical maximum
power that could be sustained by the storm [13,14]. However, in realistic storms, wind shear
in the form of strong upper level winds can dissipate the storm structure by displacing warm
temperatures above the storm eye.

To study the formation of tropical storms, the model we considered was a stochastic perturbation
of a dynamical system developed in [15,16] and is given in dimensionless form by

dv = f(v,m)dr + o1 dW; := [(1 - yym3 — (1 — 'ym3)1)2] dr + o1dW1,

1
dm = g(v,m)dr 4+ o2dWs := [(1 — m)v — em] dr + o2dW5, (1)

where we have restricted the dynamics to the physically relevant first quadrant by assuming
reflecting boundary conditions on the axes. Here v = V/V}, € [0,1] is a dimensionless measure
of the tangential velocity V' > 0 of the storm relative to a maximum potential velocity V}, > 0,
T ~ V;lt, m € [0,1] is the relative humidity in the core of the storm, Wy, Wy are standard
Wiener processes, ¢ = 2.25/V), is a dimensionless measure of wind shear S relative to V},, and
01,09 > 0 are measures of the amplitude of random fluctuations. The dimensionless parameter -y
is defined by v = (T'a —To)/To + K, where T4, Tp are the temperatures of the lower atmosphere
and upper ocean respectively and  is a constant, and thus 4~ ! is a proxy for the temperature
of the ocean. In this model, m serves as a source of energy for the storm and if m =1, i.e., the
core is fully saturated, the equilibrium velocity is given by V' = V},. The wind shear plays the
role of friction in the system in the sense that it dissipates energy by pulling moisture from the
storm and if ¢ = 0 we see that m = 1,v = 1 is a stable fixed point, i.e., the storm reaches its
full potential intensity (assuming o1 = o2 = 0).
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The deterministic skeleton of Equation (1) contains an asymptotically stable fixed point O (non-
storm state) at the origin. The system also exhibits a saddle-node bifurcation in which a stable
node S (stable storm state) and a saddle U (unstable storm state) emerge as ¢ and y are varied.
Figure 1(a) is a generic phase portrait of this system in a parameter regime in which all three
fixed points exist. Figure 1(b) is a “phase diagram” indicating the intensity of the storm state
(when it exists) by the velocity component of S. This figure illustrates that this model predicts
more intense storms, which are more difficult to dissipate through wind shear, will result from
increasing ocean temperatures, i.e., v — 0.

0.6

0.5 1

0.44

0.2+

"0.00 0.05 0.10 0.15 0.20 0.25

(a) (b)

Figure 1: (a) Phase portrait for Equation (1) with (c,y) = (.286,.43). The blue circles correspond to
the stable fixed points S and O and the red circle corresponds to the saddle node U. The dashed and
solid black lines correspond to the nullclines © = 0 and 7 = 0 respectively. (b) Phase diagram for the
deterministic skeleton of Equation (1) in the (c¢,7) plane. The red curve corresponds to the values of
¢, in which saddle node bifurcations occur and divides the (¢, ) plane into two regions. The lower left
region is colored by the dimensionless velocity of the storm state S while the upper right region is colored
blue to indicate that the only stable fixed is the origin, i.e., the non-storm state.

2 Rate-induced tipping

Rate-induced tipping occurs when a quick change of a parameter causes the system to move away
from one attractor to another [2]. However, this change of system behavior happens without the
system undergoing a bifurcation; fixed points may move through different basins of attraction
over a parameter shift, but never cross a bifurcation curve. In particular, it is the rate of change
of the parameters not the necessarily the specific changes in the values of the parameters that
governs the tipping. In our work, we assumed a parameter shift A, that varies at a rate r > 0,
is bi-asymptotically constant, and is monotonically increasing. Note, since O is always a fixed
point it follows that regardless of parameter values there can be no rate induced tipping away
from O. Consequently, we focused on rate induced tipping which could destabilize the storm,
i.e., causes the system to move from S to O.

The conditions for rate-induced tipping to occur are actually the same for any dimension: if
the initial state satisfies a sufficient condition called forward threshold unstable [17]. Essentially
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this condition implies the initial state at the start of the parameter shift lies in the basin of
attraction of a different stable state at the end of the parameter shift. However, we note forward
threshold stability is not a necessary condition to prevent rate-induced tipping in systems of
higher dimension. Indeed, for systems of dimension n > 1, the more refined condition of inflowing
stability guarantees that rate-induced tipping cannot happen [18].

To consider the possibility of rate-induced tipping aiding in the formation or destabilization of
a storm, we needed physical parameters with the ability to rapidly change. In the model, both
wind shear and maximum potential velocity meet these requirements, and thus we allowed ¢ and
Vp to vary with time. As rate-induced tipping is a deterministic mechanism, we set o1 = 09 =0
and considered the dimensional system. To do this, we redefined both V,, and c as functions
of a parameter shift A, = (1 + tanh(rt)). Specifically, we assumed V}, ¢ to transition in time
between V,~ to V}f and ¢~ to ¢, respectively, which represents the minimum and maximum
values of the parameters. Additionally, we chose parameter shifts such that there are always
three fixed points at the start and end of the ramp which we denote O,/~, S~ and O,U*, ST
respectively.

In regard to storm destabilization, we used the condition of inflowing stability to show that if
either Vj,(A,(7)) or ¢(A,(7)) is nonincreasing as a function of 7, there can be no rate-induced
tipping away from the stable storm state S~ to the non-storm state 0. However, if both
Vp(Ar(7)), and ¢(A, (7)) are increasing, then there is the possibility of rate-induced tipping from
S~ to O for r sufficiently large. This implies both wind shear and maximal potential velocity
have to increase at a substantial rate in order to affect tipping away from the active storm state.
These results are illustrated by a numerical example in Figure 2. In this example, we chose
a parameter shift A,(7), and increasing functions V), and c that are dependent on A, (7) such
that S~ lies in the basin of attraction of O at the end of the parameter shift, ensuring forward
threshold instability; see Figure 2(a). Figure 2(b) illustrates that for r small we endpoint track
the stable path from S~ to S*, and no tipping occurs but when r is sufficiently large we tip
from S~ to O.

3 Noise-induced tipping

A noise-induced tipping event from O to S is a realization of Equation (1) satisfying (v(0), m(0)) =
O, and there exists 7* € RT for which (v(7*),m(7*)) lies within the basin of attraction of S
and for 7 < 7%, (v(7), m(7)) lies within the basin of attraction of O. A similar defintion holds
for tipping events from S to . The variable 7* is itself a random variable and is referred to
as the tipping time from O to S. In Figures 3(a-b) we plot tipping events in the phase plane
and as a time series. These numerical experiments indicate that O is far more susceptible to
noise-induced tipping than S. That is, the expected value of the tipping time from O to § is
dramatically smaller than from S to @. Moreover, noise-induced tipping events from O to S
appear to be concentrated about a particular region in phase space.

The observations given above were quantitatively studied in the asymptotic limit o1,00 — 0
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Figure 2: The time-dependent functions are set as A, (1) = 1(1 + tanh(r7)), V, (1) = 90A,(7) + 10, and
¢(1) = 0.13V,, (7). The three fixed points at the start of the ramp, O,U/,S™, and the three fixed points
at the end of the ramp, O, U™, ST correspond to the non-storm state, the unstable storm state, and the
stable storm state. (a) Blue curves correspond to the stable manifolds of /= and ™. (b) Plot of the
solutions of the time-dependent system for different values or r. The black curve is the solution when
r = 0 and end-point tracks the stable path from S~ to S*. The blue and orange dotted curves correspond
to solutions which end-point track the stable path from S~ to ST. The purple and pink dashed curves
correspond to solutions which do not endpoint track the stable path, and tip from S~ to O.
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Figure 3: Realizations of Equation (1) in phase space (a) and as a time series (b) for 01 = 09 = 0.005,~v =
0.43, V, = 10, and ¢ = 0.286.

using the Freidlin-Wentzell (FW) theory of large deviations; see [19-22] for thorough introduc-
tions to this topic. To simplify the following exposition, we let F' = (f, g) denote the vector field
with components f, g, introduce the matrix

)
_ 191 0
E_[O 052]’

and define for v, vo € R? the weighted inner product (vi,va)y = V’{ZVQ and the weighted norm
||lve —v1 ||22 = (vg—v1,va—vy)s. One key result from FW theory is that in the limit 07,09 — 0
tipping events concentrate about most probable transition paths ¥*(s) = (¥5(s),¥5(s)) which
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minimize a rate functional. Specifically, for Equation (1), the rate functional is for most probable
transition paths from O to S is given by

e =5 [ - Fe) s (2)

—00

which is defined for sufficiently regular curves satisfying lims_,_oo ¥(s) = O and limg_0o ¥(s) =
S. Furthermore, knowledge of the most probable transition path allows computation of the
expected tipping time through the relationship

B[] = exp(11e]) (¢ + 0 (| vET]))) - 3)
where C' > 0 is a constant.

To numerically compute minimizers, we used a gradient flow which matches well with Monte-
Carlo simulations; see Figure 4. However, through a Legendre transformation p = %(¥ — F(¥))
the Euler-Lagrange equations corresponding to I can be expressed in the following Hamiltonian
form )

U =F0)+X 'p,

p=-VF'(¥)p, W

with corresponding Hamiltonian H = 1||p[|%_, + (F(¥), p). Consequently, most probable tran-
sition paths can be interpreted as heteroclinic orbits connecting O to U joined to a curve sat-
isfying the deterministic dynamics from U to S, i.e., ¥ = F(¥) and p = 0. At (O,0) there
are one-dimensional unstable and stable manifolds WY and W¥ respectively as well as a a two-
dimensional center manifold W®. We found that the heteroclinic orbit is given by H~1(0)nW¢
which locally agrees with the center manifold for the deterministic dynamics. Using knowledge
of the most probable path, we obtained the following scaling law (up to logarithmic equivalence)
for the tipping time 7, from a neighborhood of O of characteristic size r:

" % 47r3¢7 36 ¢ [r3c7 2
B[] = ep(I[", ) < exp <302+702(02> , Q
1 2 1

This scaling law identifies the two dimensionless measures of noise strength 62 = 0% /c’ and
63 = 02/c which control the tipping time. In particular, in Figure 3 the ratio ¢’/o? is O(1)

explaing why O is particulary susceptible to noise-induced tipping.

4 Final Comments

In our analysis of tipping in a tropical storm, we considered the various tipping mechanisms
to be independent of each other. A natural question is how do various mechanisms couple to
induce tipping events and so a natural extension of the analysis presented in our work is consider
the interplay of a parameter shift and additive noise. For the specific system we considered, we
expect that in tipping away from the stable storm state, there will be an interplay between the
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Figure 4: Plots of the most probable path using a combination of the gradient flow and the deterministic
dynamics, overlaid on tipping events. In each plot, the solid black curve represents the piece of the
most probable path computing using a gradient flow and the dashed black curve represents the the path
following the deterministic dynamics. Parameter values are set as 01 = oo = .005,v = 0.43, V,, = 10. (a)
Most probable path from S to O for ¢ = 0.286. (b) Most probable path from S to O for ¢ = 0.22.

rate and noise-induced tipping mechanisms, and the additive noise will lower the critical rate
needed for tipping [23,24]. Additionally, tipping should occur away from the non-storm state,
but as there was no rate-induced tipping with this initialization, we must explore how rapidly
changing parameters could enhance or inhibit noise induced tipping from O.
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