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1 Granular Chains

A granular chain is composed of tightly-packed frictionless aligned spherical particles. The following system of differential—

difference equations govern the motion of a granular chain:
m(n)i(n,t) = ¢'(z(n +1,t) — z(n,t)) — ¢'(x(n,t) —x(n —1,1)), (1)

where n € Z, m(n) is the mass of the n-th particle, x(n,t) is the position of the n-th particle at time ¢, a dot denotes
differentiation with respect to time, a prime denotes differentiation with respect to space, and the interaction potential

between adjacent particles is
c(d—r)tt  r<§

o(r) = , c= constant, (2)
0, r>0

where a > 1 and § is the equilibrium overlap of adjacent particles due to the precompression that is induced by an external
force. For algebraic convenience, we set ¢ = 1/(a+ 1). In Figure 1, we illustrate a granular chain with precompression.
The Hertzian interaction [9], which describes the behaviour of two contacting curved surfaces which deform slightly under

stress, corresponds to o = 3/2. The interaction potential is zero when particles lose contact with each other.
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Figure 1: A particle chain with precompression. Force F' at both ends compresses each sphere by a uniform distance §.

Since the first prediction of solitary waves in granular chains [14], granular chains have been extensively studied [5,15,17],
A significant feature of granular chains is their tunability. It is feasible to construct different types of perturbed granular
chains experimentally by adding various heterogeneities to a homogeneous granular chain. For this review, we focus on
woodpile chains [5-7,11,19], which is realizable in experiments. A woodpile chain consists of orthogonally stacked slender
rigid cylinders [see Figure 2(a)]. The interaction force along the direction of the stack is determined by (2), and we can
model the elastic deformation along the direction perpendicular to the stack direction using internal “resonators”, where
we determine the mass and coupling constant of these resonators based on the material and shape of the cylinders. When
considering a stack of identical cylinders, each resonator has the same mass and elastic constant. We model such a woodpile
chain as a monoatomic granular chain in which each particle with mass m; is connected to an external particle with mass
ma by a linear spring with constant k. We illustrate this woodpile chain model in Figure 2(b).

Woodpile chains behave in a fashion which is distinct from monatomic Hertizan chains. Typically, traveling-wave solutions

in woodpile chains are not truly localized [6,7,11,19]; instead, they take the form of a nanopteron [2].
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Figure 2: Panel (a) shows the physical configuration of orthogonal rods that is known as a “woodpile chain”. Panel (b) shows an idealized model

of the physical configuration in (a).

2 Nanoptera and Anti-Resonance Conditions

A nanopteron is the superposition of a central solitary wave and persistent oscillations on one or both sides of the central
wave. The trailing oscillations typically have an exponentially small amplitude with respect to the singular perturbation
parameter, which is the mass ratio in this example. Classical perturbation methods cannot capture the trailing oscillatory
behavior. Recently, an exponential asymptotic method was applied to study exponentially small oscillations in diatomic
chains [12,13]. The exponential asymptotic analysis in [12,13] was then extended to woodpile chains [6,7]. They showed that
the trailing oscillations in these perturbed systems are examples of the “Stokes’ phenomenon”, which refers to behavior that
is switched on when Stokes curves are crossed in the complex plane.

Xu et al. [19] showed for uncompressed woodpile chains that trailing oscillations disappear for special parameter con-
figurations, known as anti-resonance conditions. Performing exponential asymptotic analysis, [6] obtained anti-resonance
conditions which are consistent with [19]. When anti-resonance conditions are satisfied, the solutions are true solitary waves.
In [6,12,13], it was shown that anti-resonance conditions occur if nanoptera possess two Stokes curves which generate two

distinct oscillations with the same amplitude but opposite phases.

3 Exponential Asymptotics

To find an asymptotic solution to a singularly perturbed differential equation, we determine some leading-order approximation
go and expand the solution g about gy as an asymptotic power series g ~ Z;io n"7g; as n — 0, where r is the number of times
that we need to differentiate g;_; to obtain g;. If go has singular points, the series terms diverge in a factorial-over-power
fashion [8]. Chapman et. al [4] proposed applying the following ansatz for late order terms

GT(rj + ) )
N B Al 3)
where the parameter 7 is constant and G and x are functions of any variables but are independent of j.

In general, an asymptotic power series solution to a singularly perturbed problem is divergent [8]. If we truncate the
series optimally so that the difference between the approximation and exact solution is minimum, the error is exponentially

small [3]. We use Nop¢ to denote an optimal truncation point. We then express the solution as

Nopi—1

9= > 179+ gexp- (4)
=0

Substituting (4) into the governing equation produces an equation for the exponentially small term gexp [16]. Away from

Stokes curves, we determine geyp using the WKB method [10]. In the neighborhood of Stokes curves, we write
Gexp ~ SGe™/" as =0, (5)

where S is known as the Stokes multiplier. The Stokes multiplier varies rapidly in the neighborhood of a Stokes curve and is

constant elsewhere. This behavior is known as Stokes switching. The locations of Stokes curves are determined by x. They



occur where Y is real and positive [1]. We can use exponential asymptotics to calculate the exponentially small contributions

that appear as the Stokes curves are crossed.

4 Strongly Precompressed Woodpile Chains
We consider an idealized woodpile chain, as shown in Figure 2(b). We scale the system and obtain the governing equations
ii(n,t) = [0 +u(n—1,t) —u(n, 1)y — [0 +u(n,t) —uln + 1,t)]F — k[u(n, t) —v(n,t)], (6)
n2o(n, 1) = klu(n, t) — v(n, )] (7)

where u(n,t) and v(n,t) denote respectively the n-th heavy and light particle displacements at time ¢ and n? = my/m;. The
subscript + indicates that we evaluate the bracketed term only if its argument is positive; it is equal to zero otherwise. To
apply exponential asymptotic analysis we require 0 < n < 1.

The strongly precompressed woodpile chains are weakly nonlinear. Deforming (6)—(7) to the KAV equation, we obtain [14]

de

uo(n,t) = —

1 tanh (e(n — cct)) + O(€/2),  ug(n, t) = vo(n,t), cc=06"1/2/a+ %ezé(a_l)/z . (8)

where € quantifies the nonlinearity of the system. Defining £ = n—c.t, we see that the leading-order behavior has singularities
that are closest to the real axis at {4 = =+im/2e. The contributions from these singularities produce exponentially small
oscillations.

Applying exponential asymptotic analysis, [7] shows that the traveling wave solution contains one Stokes curve across

which trailing oscillations appear as shown in Figure 3. The amplitude of the trailing oscillations is obtained as

26mVk ( W\/E)
— n — 0..

Amplitude ~ —
mplitude (a—1)e exp Secen

(9)

Note that the amplitude of the trailing oscillations is exponentially small in 7, but never zero. In Figure 4, we compare the

asymptotic predictions and numerics.

5 Zero Precompression Woodpile Chains

The zero precompression system does not admit a linear limit and we cannot transform the system into the KdV equation.

Instead we assume the leading-order behavior takes the form [18]

N
wol€) ~ S~ tanh(F()/2),  J(€) =3 Oy, €= cat (10)

=0

where A is the amplitude of the solitary wave, c is the velocity of the solitary wave with amplitude A, and C5;41 can be

determined from numerics. Note that C2;+1 depends only on the interaction exponent « in (2).
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Figure 3: Left figure: the Stokes structure of the nanoptera solutions of (6)—(7). Right figure: numerically-calculated relative displacement of a

light particle at some index n in a woodpile chain with a = 1.5.
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Figure 4: Comparison of asymptotic approximations and numerical simulations of the amplitude of exponentially small oscillations for woodpile
chains with interaction exponents of (a) a = 1.5 and (b) o = 2.5.

The leading order has two singularity pairs that are closest to the real-axis. Hence the solution contains two Stokes curves

as demonstrated in Figure 5, each of which generates one distinct set of oscillations. The total oscillation is given by [6]

Amplitude ~ w exp <_\/E1m(§s)> cos (\/ECRe(&S) + 9@) . (11)
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A comparison between asymptotic amplitude of the trailing oscillations and numerics is shown in Figure 6 for o = 1.5,2.5, 3.

The anti-resonance conditions at which the trailing oscillations vanish correspond to the dips in Figure 6. These anti-resonance
conditions agree with those predicted in [19].

6 Transition from the strongly nonlinear regime to weakly nonlinear regime

Woodpile chains with zero precompression permit anti-resonance conditions while woodpile chains with strong precompression
do not. This difference can be understood by studying the behavior of the singularities in the leading order as we increase
the precompression § [6] while fixing the leading-order amplitude. As we increase ¢ the singularities move towards the
imaginary axis and eventually coalesce, shown in Figure 7. For small values of §, the solution contains two Stokes curves
producing two oscillatory contributions. Once the value of § exceeds a particular value (in this case, approximately 0.284),

the singularity pairs coalesce, and the solution has one Stokes curve, generating one oscillatory contribution, which can never
be counteracted.
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Figure 5: Stokes structure of traveling wave solutions. Singularities that are closest to the real axis are represented by black dots and the
corresponding Stokes curves are represented by solid blue curves.
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Figure 6: Comparison between asymptotic amplitude of trailing oscillations and numerics.
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Figure 7: The singularity pairs in the complex plane for different values of the precompression ¢, where the leading-order solitary wave has amplitude
5. Stokes lines extend vertically from the singularities, connecting the conjugate pairs.
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