Generalised symmetry in network dynamics
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Symmetry can have a major impact on a dynamical system. For instance, a one-
dimensional differential equation & = F(z) with the symmetry F(—x) = —F(x)
will automatically satisfy F(0) = 0, and will hence possess a symmetric steady
state. This illustrates the principle that symmetric dynamical systems will
often have invariant manifolds, such as the fixed point spaces of their symmetry
group. More intriguing is the fact that symmetry has a major impact on local
bifurcations. The best known example of a symmetry breaking bifurcation is the
pitchfork bifurcation
&= r 2>,

This bifurcation determines how non-symmetric steady states emerge from a
symmetric one when an ODE with the symmetry F(—z; A\) = —F(x; ) depends
on a varying parameter .
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Figure 1: Two networks with identical cells.

It has been noted by many authors that network dynamical systems have very
similar characteristics as dynamical systems with symmetry - even if these net-
work systems don’t possess any symmetry at all, see [2, B} [TT]. A good example
is synchronisation, seen for instance in the simultaneous firing of neurons. Syn-
chronisation occurs when there is an attracting invariant manifold on which two
or more agents in a network exhibit identical behaviour. One doesn’t expect to
find such an invariant manifold in a dynamical system without symmetry.
Figure [I] depicts two distinct networks and their corresponding ODEs. The
function f depends on a parameter but is otherwise arbitrary. None of the
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networks appears to have any symmetry. Nevertheless, it is clear from inspecting
the ODEs that whenever x1 = x5, we also have &1 = &5. In other words, the
synchrony subspace {x1 = x2} is an invariant manifold for the dynamics. The
same is true for {z1 = xo = x3}. It turns out that bifurcations of synchronous
steady states and periodic solutions are highly unconventional as well. Table []
displays the characteristics of typical one-parameter synchrony breaking steady
state bifurcations in these networks.

Network A
Asymptotics | Synchrony
.1‘1:$2=1‘3:0 Full
1 =29 =0,23 ~ A Partial

1 =0,29 ~ A\, 23 ~ £V None

Network B
Asymptotics \ Synchrony ‘
Ty =20 =23=0 Full
T1=Ta~ N T3~ A\ Tio— T3~ A Partial
Ty~ N Ty~ AN T3~ A None but
T1 — Xo ~ /\2,.27172 — T3~ A almost partial

Table 1: Asymptotics of the three steady state branches that coalesce in a typical one-
parameter synchrony breaking bifurcation at the fully synchronous state (x; A\) = (0;0).

We found that some of these phenomena in networks, including synchronisation
and anomalous synchrony breaking bifurcations, are caused by an unusual type
of generalised symmetry.

Definition: An ODE with generalised symmetry consists of a finite collection
of ODEs
& = F,(z) with z € R™ |

for v in some set V', and a finite collection of linear maps
R, : R"s(@) — R™(a) |

for @ in some set A, and with s(a),t(a) € V. Each map R, moreover sends
orbits of Fy(4) to orbits of Fy,), i.e.,

R, 0 Fs(a) = Ft(a) oR,forallae A.

The notation suggests that the v € V' are vertices and the a € A are arrows of
a directed graph (V, A), where s(a), t(a) denote the source and target vertex of
the arrow a. Such a symmetry structure encoded by a directed graph is also
called a quiver representation.



A very simple non-classical example of generalised symmetry (where the
symmetry does not form a group) is actually well known. Suppose we only have
one vertex v € V and a single arrow a € A, and consider the map

R, :x+— 0 from R to R.

An ODE & = F,(x) satisfies F,, o R, = R, o F, if and only if F,,(0) = 0. So
having this symmetry is equivalent to having a steady state at the origin. The
transcritical bifurcation

&= Ar £ 22

is the typical one-parameter bifurcation in this setting. What this shows is that
the transcritical bifurcation is actually a generalised symmetric bifurcation!

Generalised symmetry in networks

Generalised symmetry provides an alternative explanation for the invariant syn-
chrony spaces {z1 = 22} and {z1 = x> = 3} of networks (1)) and (2). Consider
the ODE

{ = f(y1, y1,y1; ) (3) -~
U2 = f(y2, y1,91; A) -7

and note that when (yi(t), y2(t)) is a solution of (3)), then

(21 (t), 22 (t), 23(t)) := (y1(8), y1.(8), y2(2))

is a solution of . In other words, the map

Ra, : (y1,y2) = (21,72, 23) := (Y1,Y1, Y2)

sends solutions to solutions and is therefore a generalised symmetry. Its image
is precisely the synchrony space {z1 = z2}. Similarly, the map

Ra, 2 21 = (Y1,92) == (21, 21)

is a generalised symmetry that turns solutions of

B=feaa) @)

into fully synchronous solutions of .

Equations (3 and define what are called quotients of network A, cf.
[1L 3, LT, 12]. Figure [2{ depicts all the quotients of networks A and B. Quotient
networks were introduced by Golubitsky, Stewart et al. [12]. In [1] it was
noted for the first time that quotient networks are the same thing as injective
generalised symmetries.

Another class of generalised symmetries arise from subnetworks. A subnet-
work is a subset of the cells that does not receive inputs from cells outside of it.
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Figure 2: Quotients of networks A and B

Network A is a so-called feedforward network, a type of network known to have
relatively many subnetworks. Cells 1 and 2, for example, are not influenced by
cell 3. This implies that the surjective map

Ry, : (21,22, 23) = (1, 72)

sends solutions of to solutions of

{ 1 = f(x1, 21,21, A) (5) .

j?ng(l‘g,ﬂil,.??l;)\). ~-=-7

Network A has two nontrivial subnetworks in total, giving rise to two generalised
symmetries, see Figure [3] Network B has no subnetworks.

Figure 3: Subnetworks of network A

Why is generalised symmetry of interest?

Our goal is to understand how the network structure of an ODE impacts its
dynamical behaviour. In general this is very unclear, most notably because
the exact network structure of an ODE is usually destroyed when one makes
coordinate transformations. Generalised symmetry on the other hand is an
intrinsic geometric property, and is therefore much easier to incorporate in for
instance bifurcation analysis.

We have for example shown that generalised symmetry can be preserved in
center manifold reduction [6] and Lyapunov-Schmidt reduction [8]. Generalised
symmetry thus puts restrictions on the equations that determine the solution
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branches that emerge in a bifurcation, in exactly the same way that symmetry
determines the pitchfork and transcritical bifurcation. The following unpub-
lished result shows that generalised symmetry is compatible with normal form
reduction.

Theorem 0.1. [Generalised symmetry normal form theorem]|
Consider a collection of ODEs & = F,(z) (for v € V) with Taylor expansions

Fy(z) = FXz)+ FX(x)+....

Here F! is linear, F? quadratic, etc. Assume that Fia) © Ry = Ry 0 Fyq) for
all a € A. Then for each 1 < m < oo there exist local coordinate changes
x =y = ®,(x) transforming these ODEs into the form y = F,(y), where

Foly) = Fo(y) + Foly) + .-

and such that

i) generalised symmetry is preserved: R, o Fs(a) = Ft(a) o R, for alla € A;

1) each Ff (1 <k <m) commutes with the semi-simple part offll).

This result implies that quotients, subnetworks and all sorts of other generalised
symmetry can be preserved in the normal form. We have used a weaker version
of this theorem [9] to classify Hopf bifurcations in a class of feedforward networks
[7].

Quotient networks and subnetworks are among the simplest types of gener-
alised symmetries to be found in networks. Much less intuitive are the so-called
hidden symmetries discovered in [4, 8] and subsequently analysed in [5, 6], 9] [10].
An example is the map

Ra, : (1,22, 23) = (21,21, 22)

that sends solutions of to solutions of . We proved that this unusual
non-invertible transformation is responsible for the bifurcation of network A
shown in Table[[l The situation is even more intricate for network B. It turns
out that this network is the quotient of a network C that admits four non-
invertible symmetries, see Figure This hidden network C is responsible for
the bifurcations in network B presented in Table

Our aim is to exploit generalised symmetries to classify many more such
remarkable synchrony breaking bifurcations in network systems.
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Figure 4: The hidden network C determines the bifurcations in network B.
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